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Fast, scalable decoding architectures that operate in a block-wise parallel fashion across space and
time are essential for real-time fault-tolerant quantum computing. We introduce a scalable AI-based
pre-decoder for the surface code that performs local, parallel error correction with low decoding
runtimes, removing the majority of physical errors before passing residual syndromes to a downstream
global decoder. This modular architecture is backend-agnostic and composes with arbitrary global
decoding algorithms designed for surface codes, and our implementation is completely open source.
Integrated with uncorrelated PyMatching, the pipeline achieves end-to-end decoding runtimes of
order O(1µs) per round at large code distances on NVIDIA GB300 GPUs while reducing logical
error rates (LERs) relative to global decoding alone. In a block-wise parallel decoding scheme with
access to multiple GPUs, the decoding runtime can be reduced to well below O(1µs) per round. We
observe further LER improvements by training a larger model, outperforming correlated PyMatching
up to distance-13. We additionally introduce a noise-learning architecture that infers decoding
weights directly from experimentally accessible syndrome statistics without requiring an explicit
circuit-level noise model. We show that purely data-driven graph weight estimation can nearly match
uncorrelated PyMatching and exceed correlated PyMatching in certain regimes, enabling highly-
optimized decoding when hardware noise models are unknown or time-varying, as well as training
pre-decoders with realistic noise models. Together, these results establish a practical, modular, and
high-throughput decoding framework suitable for large-distance surface-code implementations.
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I. INTRODUCTION

Quantum error correction (QEC) is a fundamental re-
quirement for building large-scale fault-tolerant quantum
computers (FTQC) [1, 2]. QEC decoders are classical
algorithms that infer physical errors—or, equivalently, the
values of logical observables—from syndrome measure-
ment data and, in some schemes, additional information
such as flag-qubit outcomes [3–7]. As shown in Refs. [8, 9],
decoder runtimes must be sufficiently high to prevent an
exponential backlog of unprocessed syndrome data during
the execution of a quantum algorithm. In what follows,
runtime will be referred to as the time taken for the
decoder to process a block of syndrome measurement
rounds. For many hardware platforms, sliding-window
decoding imposes runtime requirements on the order of
O(1µs) per syndrome measurement round [9], a regime
that is challenging for current state-of-the-art classical
hardware. Parallel block-wise decoding architectures can
partially alleviate this constraint by decoding commit and
cleanup windows concurrently, provided sufficient clas-
sical resources are available [10, 11]. Nevertheless, the
runtime of a quantum algorithm remains fundamentally
constrained by the time required to decode a block of dm
syndrome measurement rounds for a distance-d code, even
when dm ≪ d [12, 13]. Minimizing decoding runtimes
at the block level is therefore of central importance for
scalable FTQC.
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A variety of AI-based QEC decoders have been pro-
posed with the goals of achieving low decoding runtimes
and improved logical error rates (LERs) [14–18]. However,
many such approaches encounter scalability challenges,
both in the amount of training data required as the code
distance increases and in their compatibility with parallel
block-wise decoding architectures in time and in space.
Spatial parallelism is particularly critical for fault-tolerant
logical operations based on lattice surgery [12, 19–21],
where merged code patches can have effective distances
deff ≫ 100. In this regime, meeting real-time decoding
requirements may necessitate spatially parallel block-wise
decoding across large patches [10]. As a result, decoders
that are not compatible with parallelism in space risk
becoming bottlenecks for logical operations, even if they
perform well at moderate code distances for memory set-
tings.

AI-based pre-decoders have been developed explicitly
to address speed and scalability to very large code dis-
tances [9, 22–24]. A non-AI-based decoder that uses Belief
Propagation as the pre-decoder was also explored in [25].
Since pre-decoders are trained on labeled data and op-
erate locally, such pre-decoders are naturally compatible
with parallel block-wise decoding in both space and time.
Moreover, their locality allows models trained at a mod-
est distance d1 to generalize to much larger distances
d2 ≫ d1. In a typical pipeline, the pre-decoder processes
syndrome data locally, performs corrections and passes
residual syndromes and logical information to a global
decoder, which performs the final correction. An exam-
ple of the residual syndromes passed to a global decoder
after the application of a pre-decoder is shown in Fig. 1.
While this hybrid approach leverages the strengths of both
learned and algorithmic decoders, prior to this work it

https://github.com/nvidia/ising-decoding
https://huggingface.co/collections/nvidia/nvidia-ising
mailto:cchamberland@nvidia.com
mailto:cchamberland@nvidia.com
mailto:jolleaguiler@nvidia.com
mailto:muyuanl@nvidia.com


2

Pre-decoder syndrome cleaning (d=13, rounds=13, p=0.006, seed=42, id=0)

(a)

FIG. 1. Example showing the syndrome density being reduced by the pre-decoder for both X-type and Z-type stabilizers. The
residual syndromes are passed on to a global decoder to perform final corrections.

has not been demonstrated that a pre-decoder combined
with a state-of-the-art global decoder can simultaneously
achieve total decoding runtimes on the order of O(1µs)
per round and lower logical error rates than the global
decoder alone.

In this work, we introduce a new AI-based pre-decoder
architecture for the rotated surface code [26–28]. We
develop new methods for processing labeled training data
that explicitly address both spacelike and timelike fail-
ure mechanisms. These methods substantially improve
pre-decoder performance and enable end-to-end decoding
runtimes on the order of O(1µs) per syndrome measure-
ment round, including both pre-decoding and subsequent
global decoding using PyMatching [29]. We demonstrate
these results at code distances d = 21 and d = 31, where
the combined pre-decoder + uncorrelated PyMatching
pipeline achieves lower logical error rates than uncorre-
lated PyMatching alone, while simultaneously reducing
total decoding runtime. Moreover, the relative improve-
ment in total decoding time compared to PyMatching
increases with code distance. For a correlated PyMatching
global decoder, we train a larger model which outperforms
correlated PyMatching alone and achieves lower runtimes
at up to distances 13. Larger models can be trained to
achieve LERs which are lower than correlated PyMatch-
ing for distances d ≤ 13. The low runtimes arise from
a combination of significant reductions in effective syn-
drome density produced by the pre-decoder and efficient
deployment on state-of-the-art NVIDIA GB300 GPUs.
When applying our pre-decoder in a temporal parallel
block-wise decoding scheme, runtimes well below 1µs can
be achieved with access to enough GPUs.

In standard implementations of PyMatching, edge
weights in the matching graph are derived from an as-
sumed circuit-level noise model to optimize logical error
rate (LER) performance. However, the application of
a pre-decoder modifies the syndrome statistics in ways
that are not captured by the original noise model, leading
to suboptimal matching weights. More broadly, there
are many practical settings in which the full circuit-level
noise model is either unknown or subject to drift over
time, while syndrome data from the underlying hardware
remains accessible. This motivates the need for meth-
ods that infer effective decoding parameters directly from
observed data.

To address these challenges, we introduce an AI-based
noise-learning architecture that infers near-optimal edge
weights for both uncorrelated and correlated PyMatching
using syndrome statistics alone, without requiring explicit
knowledge of the underlying noise model. We demon-
strate that applying this protocol to raw syndrome data
yields edge weights that achieve nearly identical LERs for
uncorrelated matching and improved LERs for correlated
matching compared to those obtained from the known
noise model.

When applying the noise-learning architecture to syn-
drome statistics produced by the pre-decoder, we do not
observe further improvements in LER. This behavior is
consistent with the structured nature of the residual errors
output by the pre-decoder, which already encode much
of the relevant information for downstream decoding and
thus limit the extent to which additional gains can be
realized through weight re-optimization.

This work is organized as follows. In Section III, we
review key properties of the rotated surface code relevant
to the development of our pre-decoder. The pre-decoder
architecture is presented in Section IV. After motivating
its use in Section IVA, we describe the neural network ar-
chitecture and associated simulation and data-processing
techniques in Section IVB. In Section V, we introduce our
noise-learning framework based on syndrome statistics.
Numerical results for both the pre-decoder and noise-
learning models are presented in Section VI. In particular,
Section VIA analyzes syndrome density reduction and
the resulting logical error rates (LERs) when combining
the pre-decoder with uncorrelated PyMatching, while Sec-
tion VIB extends these results to correlated PyMatching
using a larger model. Runtime performance is examined
in Section VIC, where we report per-round decoding
times for the pre-decoder on NVIDIA GB300 GPUs, as
well as total runtimes for the combined pre-decoder and
PyMatching pipeline. In Section VID, we demonstrate
how per-round decoding times can be further reduced
by increasing the number of GPUs within a temporal
parallel, block-wise decoding scheme. In Section VIE, we
evaluate the noise-learning model on syndrome data gen-
erated from a circuit-level noise model, comparing LERs
obtained using learned edge weights against those derived
from the known noise model. The impact of larger batch
sizes on reducing resource requirements for real-time de-
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coding is explored in Section VII. Finally, Section VIII
summarizes our results and outlines directions for future
work.

II. SUMMARY OF CONTRIBUTIONS

The main contributions of this work are as follows.

1. Pre-decoder architecture with spacelike and
timelike corrections. We introduce a fully convolu-
tional 3D neural network pre-decoder for the rotated
surface code that jointly predicts spacelike (data-qubit)
and timelike (measurement) corrections across the full
space–time syndrome volume (Section IV). The ar-
chitecture is backend-agnostic: it composes with any
global decoder designed for surface codes, not only
PyMatching, and can be adapted to different noise
models, code distances, and runtime budgets by adjust-
ing model depth, width, and training configuration. We
develop new data-processing techniques—including a
protocol for isolating timelike failure components (Algo-
rithm 1), a fault-deferral scheme that prevents artificial
timelike detection events (Algorithm 2), and a timelike
homological equivalence protocol (Algorithm 3)—that
substantially improve training label quality and pre-
decoder performance.

2. Simultaneous LER improvement and end-to-end
runtime reduction. We demonstrate that combin-
ing our pre-decoder with uncorrelated PyMatching
achieves both lower logical error rates and lower total
decoding runtime than uncorrelated PyMatching alone
at code distances d ≥ 21 near the surface-code thresh-
old (Sections VIA and VIC). To our knowledge, this is
the first demonstration that an AI-based pre-decoder
can simultaneously improve both metrics relative to a
state-of-the-art global decoder. The relative improve-
ments in both LER and runtime grow with increasing
code distance. By training a larger model with residual
connections (Fig. 15), we further show LER improve-
ments over correlated PyMatching at distances up to
d = 13 (Section VIB).

3. GPU deployment and benchmarking of decoder
runtimes. We benchmark five pre-decoder architec-
tures on NVIDIA GB300 GPUs at FP8 precision, sys-
tematically exploring tradeoffs between model width,
depth, kernel size, inference runtime, and LER per-
formance (Section VIC). The combined pre-decoder
+ PyMatching pipeline achieves total speedups of up
to 3.4× over uncorrelated PyMatching and 3.5× over
correlated PyMatching at d = 31 and p = 0.006 (Ta-
bles VIII and X). When deployed in a temporal par-
allel block-wise decoding scheme with multiple GPUs,
per-round pre-decoder runtimes fall well below 1µs
(Section VID).

4. Noise-learning architecture from syndrome
statistics. We introduce an AI-based architecture
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FIG. 2. Example of a surface code patch for d = 5. Data
qubits correspond to yellow vertices, whereas ancillas used to
measure the stabilizers correspond to grey vertices. X (Z)
stabilizers are represented by red (blue) plaquettes. Minimum-
weight representatives for logical XL (ZL) observables are
shown as horizontal (vertical) strings. We provide a gate
scheduling such that weight-two errors arising from a single
fault propagate perpendicular to its corresponding logical
observable.

that infers near-optimal edge and hyperedge weights
for both uncorrelated and correlated PyMatching di-
rectly from experimentally accessible syndrome statis-
tics, without requiring knowledge of the underlying
circuit-level noise model (Section V). The architecture
exploits distance-independent probability formulas for
all 18 edge types and 43 hyperedge type compositions,
enabling a model trained at a single code distance to
generalize to arbitrary distances. Applied to raw syn-
drome data, the learned weights nearly match uncorre-
lated PyMatching performance and improve correlated
PyMatching LERs relative to weights derived from the
known noise model (Section VIE).

5. Resource reduction through batching. We show
that increasing the GPU batch size within a parallel
block-wise decoding scheme can reduce the number of
parallel classical resources Npar required for real-time
decoding by up to 12.5×, a consideration that becomes
critical when decoding lattice-surgery operations across
very large merged patches (Section VII).

III. BRIEF REVIEW OF THE SURFACE CODE

Throughout this work, we train our models using the
surface code [26, 27]. However, the methods introduced
in Section IV are not specific to the surface code and can
be adapted to other topological QEC codes. To make
the presentation as self-contained as possible, we begin
with a brief review of the surface code and establish the
notation used throughout the paper.

The surface code is a two-dimensional topological quan-
tum error-correcting code whose stabilizers can be mea-
sured using nearest-neighbor interactions and which ex-
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hibits a threshold of approximately 0.7% for a circuit-
level depolarizing noise model. Moreover, universal fault-
tolerant quantum computation can be implemented us-
ing only nearest-neighbor interactions via lattice surgery
[12, 19–21, 30]. As a result, despite the development of
many alternative codes with attractive theoretical prop-
erties, the surface code remains a leading candidate for
near- and mid-term quantum computing architectures,
particularly those with limited qubit connectivity.

The surface code is characterized by the parameters
[[dxdz, k,min(dx, dz)]], where k = 1 is the number of en-
coded logical qubits and dx (dz) denotes the minimum
weight of logical X (Z) operators. In this work, we fo-
cus on square patches with dx = dz = d, although the
methods presented in Section IV naturally extend to rect-
angular patches with arbitrary dx and dz. An example
of a d = 5 surface code patch is shown in Fig. 2. For
the chosen patch orientation, minimum-weight represen-
tatives of the logical operators XL and ZL correspond to
horizontal and vertical strings, respectively. Fig. 2 also
illustrates a valid gate scheduling for measuring X- and
Z-type stabilizers, chosen such that a weight-two error
arising from a single fault propagates perpendicular to
the corresponding logical operator. The numbers shown
beside the CNOT gates indicate the time steps at which
the gates are applied, with time steps 1 and 6 reserved
for ancilla state preparation and measurement.

We define the error syndrome as the set of stabilizer
measurement outcomes. To distinguish spacelike from
timelike errors, stabilizer measurements are repeated over
multiple rounds. The number of required measurement
rounds depends on the desired suppression of timelike
logical failures, which is particularly relevant for lattice-
surgery-based protocols (see, for example, Appendix C
of Ref. [12] and the extended discussion in Ref. [13]).
Throughout this work, the error syndrome is understood
to include stabilizer measurement outcomes from all syn-
drome measurement rounds. We denote the measured
syndromes in round k for X- and Z-type stabilizers as

SynX(k) and SynZ(k), respectively, and define the full
syndrome as

Syn = (SynX(1), SynZ(1), · · · , SynX(dm), SynZ(dm)) (1)

A decoding algorithm processes Syn to infer a likely error
configuration. Two widely used decoders for the surface
code are minimum-weight perfect matching (MWPM) [29]
and Union Find (UF) [31]. Importantly, the runtime of
both decoders depends on the syndrome density s. For
dm measurement rounds and S(d) = d2−1 stabilizers per
round, we define

s = |Syn|/(dmS(d)) (2)

where |Syn| denotes the number of non-trivial detection
events. The decoding complexity of MWPM scales as
O(s3) [32], while UF scales as O(s). Although UF offers
faster runtimes, MWPM typically achieves lower logical

error rates [31]. In contrast, AI-based decoders have a
fixed complexity independent of s.

As shown in Refs. [8, 9], when decoding a sequence of
syndrome measurement rounds using a sliding-window ap-
proach, an exponential backlog arises if the decoding time
per round, TDEC, exceeds the time required to measure
the stabilizers, Ts. In Ref. [9], the wait time for updating
the Pauli frame as a function of circuit depth was derived
as

T bj =
cjr

T j−1
s

+ Tl

[T 1−j
s (cj − T j

s )

c− Ts

]
, (3)

where Tl denotes the runtimes associated with trans-
mitting measured stabilizers to the classical processing
device. Equation (3) assumes a linear-time decoder,
TDEC(r) = cr, where c is a constant that depends on
the code distance d and r is the number of syndrome
measurement rounds.

To mitigate the exponential backlog when TDEC > Ts,
Refs. [10, 11] introduced a parallel window decoding strat-
egy. Instead of decoding windows of size dm sequentially
with buffer regions of equal size, the syndrome measure-
ment history is partitioned into commit regions of size
dm with buffer regions of equal size placed both before
and after each commit region. All commit regions are de-
coded in parallel, and the remaining cleanup regions can
likewise be partitioned into blocks that are decoded con-
currently. Ref. [10] showed that the exponential backlog
can be avoided provided the number of parallel decoding
resources Npar satisfies

Npar ≥
2TDEC

(Tl + Ts)(ncom + nW )
, (4)

where ncom is the number of syndrome measurement
rounds in the commit region and nW is the number of
rounds in each buffer region. Nevertheless, even in this
parallelized setting, overall algorithm runtime remains
strongly dependent on TDEC. In Section IV, we introduce
a pre-decoding architecture that achieves both fast exe-
cution on GPUs and substantial reductions in syndrome
density s, thereby minimizing TDEC when combined with
a global algorithmic decoder such as MWPM or Union
Find.

IV. PRE-DECODER ARCHITECTURE

A. Motivation for using pre-decoders

As discussed in Section III, the decoding time TDEC

of algorithmic decoders such as minimum-weight per-
fect matching (MWPM) or Union Find (UF) depends
strongly on the syndrome density s. The syndrome den-
sity itself is determined by factors such as the underlying
noise model and the circuits used for syndrome extraction.
This dependence becomes particularly pronounced near
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Pre-decoder preliminaries
1. Most important metric for algorithmic decoder speeds: input syndrome density. Runtime of Minimum-Weight 
Perfect Matching (MWPM) scales as 𝒪(𝑠!) and Union Find (UF) scales as 𝒪(𝑠) where 𝑠 is the syndrome density.
2. Goal of pre-decoder: correct most of errors from some local window in space (size of surface code) and time 
(number of syndrome measurement rounds). This reduces the syndrome density making the algorithmic decoder 
faster. Can also improve the logical error rate performance of the algorithmic decoder.

Vanilla decoding:

QPU Algorithmic 
decoder

Error 
syndromes Correction

Pre-decoder:

QPU

Error 
syndromes

Pre-decoder

Pre-decoded 
error syndromes Algorithmic 

decoder

Correction
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FIG. 3. In a vanilla decoding algorithm, an algorithmic de-
coder receives the error syndromes from the QPU and performs
corrections to determine the signs SL of the relevant logical ob-
servables. When using a pre-decoder, the pre-decoder receives
the error syndrome from the QPU and applies spacelike and
timelike corrections across all syndrome measurement rounds
that were used as inputs. Such corrections produce the signs

S
(1)
L of the logical observables. The new error syndrome ob-

tained from the corrections are then passed to an algorithmic
decoder to apply the final set of corrections resulting in a sign

S
(2)
L of the logical observables. The final sign is computed as

SL = S
(1)
L ⊕ S

(2)
L .

the error threshold, where s can be large—especially for
MWPM, whose runtime scales as TDEC ∝ O(s3). Conse-
quently, substantial reductions in decoding runtimes can
be achieved by reducing the effective syndrome density
prior to global decoding.

Using the definitions introduced in Section III, the total
time required to process r syndrome measurement rounds
using an algorithmic decoder alone is given by

T
(al)
tot (r, s) = Ts + Tl + T

(al)
DEC(r, s), (5)

where T
(al)
DEC(r, s) denotes the time required to decode r

rounds with syndrome density s.

A reduction in syndrome density can be achieved by
introducing an AI-based pre-decoder that performs lo-
cal corrections across the space–time volume of mea-
sured syndromes [9, 22, 23]. The resulting hybrid de-
coding pipeline—consisting of a pre-decoder followed by a
global algorithmic decoder—is illustrated in Fig. 3. Local
space–time corrections are implemented using a fully con-
volutional three-dimensional neural network, as described
in Section IVB.

Let Tl1 denote the time required to transmit measured
syndromes from the quantum processing unit (QPU) to
the classical device implementing the pre-decoder, and
let Tl2 denote the time required to transmit the updated
syndromes from the pre-decoder to the device implement-
ing the global decoder. In this setting, the total time to
process r syndrome measurement rounds is

T
(pra)
tot (r, s) = Ts + Tl1 + T

(pre)
DEC (r) + Tl2 + T

(al)
DEC(r, s

′),
(6)

where T
(pre)
DEC (r) is the pre-decoder runtime and s′ is the

reduced syndrome density obtained from s after applying
the pre-decoder. Crucially, due to its AI-based implemen-

Inputs Outputs
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(𝑑, 𝑑, 𝑑!)
𝑛! = 128 𝑛! = 128 𝑛! = 4
𝑘 = (3,3,3) 𝑘 = (3,3,3) 𝑘 = (3,3,3)

Outputs
conv3D conv3D conv3D
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𝑘 = (3,3,3)

conv3D

(a)

FIG. 4. Example of a four-layer fully connected three-
dimensional convolutional neural network used to train our
AI-based pre-decoder. The first three layers use nf = 128
filters with three-dimensional kernels of size (3, 3, 3). The final
layer always uses four filters since the network has 4 output
correction channels.

tation, T
(pre)
DEC (r) is independent of the input syndrome

density s.
Comparing Eqs. (5) and (6), a net speedup is achieved

whenever

T
(pra)
tot (r, s) < T

(al)
tot (r, s). (7)

In other words, the overhead introduced by pre-decoding
and additional communication is offset when the reduc-
tion in global decoding time resulting from the lower
syndrome density s′ exceeds these costs. In Section VIC,

we provide detailed runtime estimates of both T
(pre)
DEC (r)

and T
(pra)
tot (r, s) on NVIDIA GB300 GPUs for a range of

space–time volumes.

B. Neural network architecture and
hyperparameters

In this section, we describe the neural network archi-
tecture used to construct our AI-based pre-decoders and
summarize the training hyperparameters that yield opti-
mal performance.
Our AI-based pre-decoder is implemented as a fully

convolutional three-dimensional neural network, meaning
that it consists exclusively of 3D convolutional layers and
does not employ linear or projection layers. This fully
convolutional design ensures that the network output has
the same space–time dimensions as its input for each
channel, enabling local corrections to be applied across
the entire space–time volume of the syndrome data.
A key advantage of this architecture is its scalabil-

ity: the network can be trained on input volumes of
size (d, d, dm) and applied at inference time to volumes
of size (d′, d′, d′m), with d ≠ d′ and dm ̸= d′m. An ex-
ample architecture with four 3D convolutional layers is
shown in Fig. 4, where each layer is specified by its three-
dimensional kernel size and number of filters. The final
layer always uses four filters, corresponding to the four
output channels described below.

Deeper architectures require skip connections to avoid
vanishing gradients and were explored in Ref. [9]. While
most of the focus of the present work is on minimizing pre-
decoder runtimes, we also consider them in Section VIB
to enable further LER improvements.
An important architectural parameter of 3D convolu-
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tional networks is the receptive field, which quantifies the
size of the local three-dimensional window of the input
that influences a given output element. The receptive
field plays a central role in determining the maximum
effective decoding distance of the pre-decoder, since error
chains with spatial or temporal extent larger than the
receptive field cannot, in general, be fully corrected by
local operations alone.

Consider a network with l convolutional layers, where
the kernel size in the j-th layer is (kj , kj , kj). Assuming
unit strides and dilation coefficients D = 1 in all layers,
the receptive field is given by

Rl = 1 +

l∑
i=1

(ki − 1). (8)

Increasing the receptive field can therefore be achieved ei-
ther by increasing the number of layers or by using larger
convolutional kernels. However, as shown in Section VIC,
increasing kernel size leads to a significantly larger in-

crease in T
(pre)
DEC (r) than increasing depth, motivating the

architectural choices adopted in this work.

1. Input training data

In this subsection, we describe the structure of the
input data used to train our neural networks. Throughout,
tensors representing input and output training data are
denoted by trainX and trainY, respectively.

To enable the neural network to identify both space-
like and timelike errors arising from repeated stabilizer
measurements, the measured syndromes must be encoded
efficiently on a two-dimensional grid for each measure-
ment round. In addition, stabilizer statistics near the
boundaries of the lattice differ from those in the bulk. To
account for this, we provide the network with explicit ge-
ometric information that encodes stabilizer locations and
their corresponding weights (two or four for a standard
surface-code patch), as described below.

Consider a surface-code patch embedded on a D ×D
grid, where D denotes the maximum number of data
qubits (yellow vertices in Fig. 2) along any row or column.
Suppose that Ntrain training samples are generated. For
each sample 1 ≤ j ≤ Ntrain, stabilizers are measured
for dm syndrome measurement rounds. For each fault
location in the circuit, errors are sampled according to
the underlying noise model and propagated through the
circuit.

After error propagation, we store (i) differences between
data-qubit errors in consecutive rounds (as well as timelike
failures, more on this in Section IVB2) and (ii) differences
between stabilizer measurement outcomes in consecutive
rounds, commonly referred to as detector events. Let si,k
denote the measurement outcome of the ith stabilizer in

round k. The corresponding detector event is defined as

di,k = si,k ⊕ si,k−1 (9)

Detector events for all X-type stabilizers in round k
and training sample j are collected as

D
(j)
k (X) ≡ (d1,k(X), . . . , dKx,k(X)), (10)

where for a surface code with dx = dz = D, the number
of X stabilizers is Kx = (D2 − 1)/2. Similarly, detector
events for Z-type stabilizers are given by

D
(j)
k (Z) ≡ (d1,k(Z), . . . , dKz,k(Z)). (11)

Let E(j)(X)(i,k) ∈ {I,X} denote the X-error affecting
the i-th data qubit in round k for training sample j. We
define the error difference between consecutive rounds as

X̃
(j)
i,k = E(j)(X)i,k ⊕ E(j)(X)i,k−1 (12)

Collecting these differences over all data qubits yields

X̃
(j)
k ≡ (X̃

(j)
(1,k), . . . , X̃

(j)
(D2,k)). (13)

An analogous definition applies to Z errors,

Z̃
(j)
k ≡ (Z̃

(j)
(1,k), . . . , Z̃

(j)
(D2,k)), (14)

which together form the target labels used during training.

The input tensor trainX has shape
(Ntrain, D,D, dm, Ns), where Ns denotes the num-
ber of input channels. For the quantum-memory setting
considered in this work, Ns = 4, as described below. In
more general settings—such as lattice surgery—additional
channels are required, leading to Ns > 4; these extensions
are left for future work.

We first describe the two detector-event channels of
trainX, following the encoding scheme introduced in
Ref. [9]. For the k-th syndrome measurement round and
training sample j, we define

trainX(j, 1:D, 1:D, k, 1) = x type(k, j), (15)

trainX(j, 1:D, 1:D, k, 2) = z type(k, j), (16)

where x type(k, j) and z type(k, j) correspond to the

detector events D
(j)
k (X) and D

(j)
k (Z) mapped onto the

D ×D grid.

An example of this mapping procedure is shown in
Fig. 5. Detection events from weight-four X (Z)-type sta-
bilizers are mapped to the top-left (top-right) data qubit
in the stabilizer’s support. For weight-two stabilizers, X-
type detection events are mapped to the top data qubit,
while Z-type detection events are mapped to the right
data qubit. A detection event is assigned the value 1 if the
stabilizer outcome changes between consecutive rounds
and 0 otherwise. Grid locations receiving no detection
event are always set to 0.
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(a) (b)

FIG. 5. (a) Example mapping of X-type stabilizers to a D × D grid (with D = 5). For any D, measurement outcomes of
weight-four X-type stabilizers are mapped to the top-left data qubit in its support. Weight-two stabilizers on the left or right
boundary are mapped to the top data in its support. (b) Similar mapping as in (a) but for Z-type stabilizers.

Pure spacelike Pure timelike 
(measurement error)

Space-time error
(e.g., CNOT failure)

(a)

FIG. 6. Example illustrations of the computation of s1(Z)⊕ s2(Z) used in Algorithm 1. Only pure timelike and space-time
failures result in a non-trivial value for s1(Z)⊕ s2(Z). Red circles illustrate stabilizers that are measured as −1 instead of +1
(vertices without a red circle) in a given round.

In addition to detector events, we encode local geomet-
ric information using the same stabilizer-to-qubit mapping.
Rather than mapping detection events, these channels
encode the normalized stabilizer weights at the corre-
sponding grid locations. For each round k, these channels
are denoted by x present(k) and z present(k).

During logical-qubit initialization, all entries of
x present(1) (z present(1)) are set to zero if the logical
qubit is initialized in |0⟩ (|+⟩). Similarly, in the final
measurement round k = dm, all entries of x present(dm)
(z present(dm)) are set to zero when measuring in the
Z (X) basis.

For the D = 5 surface-code patch shown in Fig. 5, the

geometric channels take the form

x present(k) =


1 0 1 0 0.5

0.5 1 0 1 0

1 0 1 0 0.5

0.5 1 0 1 0

0 0 0 0 0

 , (17)

z present(k) =


0 0.5 1 0.5 1

0 1 0 1 0

0 0 1 0 1

0 1 0 1 0

0 0 0.5 0 0.5

 , (18)

for 1 < k < dm. These channels are then incorporated
into trainX as

trainX(j, 1:D, 1:D, k, 3) = x present(k), (19)

trainX(j, 1:D, 1:D, k, 4) = z present(k). (20)
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2. Output training data

We now describe the output labels used to train the
pre-decoders. To reduce the syndrome density passed to a
global decoder, the pre-decoder must perform both space-
like (data-qubit) and timelike (stabilizer-measurement)
corrections. Accordingly, the training targets encode both
types of corrections.
The output tensor trainY consists of four channels:

two channels corresponding to Z- and X-type Pauli cor-
rections on data qubits, and two channels corresponding
to timelike corrections for X- and Z-type stabilizers.

We first describe the spacelike output channels, which
occupy the first two channels of trainY. Using the defini-
tions of error differences introduced in Eqs. (13) and (14),
we set

trainY(j, 1:D, 1:D, k, 1) = Z̃
(j)
k , (21)

trainY(j, 1:D, 1:D, k, 2) = X̃
(j)
k , (22)

for the j-th training sample and the k-th syndrome mea-
surement round. These channels track changes in Z- and
X-type Pauli errors on data qubits between consecutive
rounds, obtained by sampling faults from the noise model
at each circuit location and propagating them through
the syndrome-extraction circuit.

The remaining two output channels encode purely time-
like corrections, corresponding to changes in stabilizer
measurement outcomes induced by faults within a sin-
gle syndrome measurement round. Because data qubits
are measured in the final round, timelike corrections are
defined only for rounds k = 1, . . . , dm − 1.
To construct these labels, we isolate the timelike com-

ponent of each fault mechanism by comparing stabilizer
syndromes obtained before and after propagating the
same error configuration through an additional round of
the circuit, as described in Algorithm 1.

Algorithm 1 Timelike output channel generation

for k = 1 to dm − 1 do
Let Ek be the errors generated by the noise model at

each fault location in syndrome measurement round k.
Propagate Ek and compute:

X and Z stabilizer syndromes s1(X), s1(Z)

Let E
(k)
out be the output data qubit errors from propagat-

ing Ek.

Propagate E
(k)
out and compute:

X and Z stabilizer syndromes s2(X), s2(Z)
trainY(j, 1:D, 1:D, k, 3)← s1(X)⊕ s2(X)
trainY(j, 1:D, 1:D, k, 4)← s1(Z)⊕ s2(Z)

An illustration of the computation of s1(Z) ⊕ s2(Z)
used in Algorithm 1 is shown in Fig. 6. Intuitively, the
two-stage propagation procedure isolates the pure time-
like contribution of faults occurring in a given syndrome
measurement round by canceling spacelike effects that
persist across rounds. These timelike labels enable the

pre-decoder to learn local corrections that suppress time-
correlated detection events, thereby further reducing the
syndrome density passed to the global decoder.

3. Data processing

In this subsection, we describe data-processing tech-
niques applied during the generation of the output labels
trainY to avoid the introduction of artificial timelike
detection events. Such artifacts can arise from the tem-
poral ordering of faults and stabilizer measurements in
the syndrome-extraction circuit.

To illustrate this effect, consider the stabilizer mea-
surement circuit shown in Fig. 7, where CNOT gates
are labeled by their execution time steps. Focus on the
k-th syndrome measurement round with k > 1. Sup-
pose a Z error occurs at time step 6 during the ancilla
measurement. The stabilizers affected by this error are
not measured until round k + 1. However, because the
fault occurred during round k, the resulting data-qubit
error could incorrectly be assigned to the spacelike output
channel of trainY in round k, while the corresponding
syndrome appears in trainX in round k + 1.

More generally, there exist many leading-order fault
processes in which a data-qubit error is generated in round
k but produces detectable syndrome information only in
round k+1. If not handled carefully, such processes lead to
spurious vertical pairs in space–time, artificially inflating
the number of timelike events seen by the network.

To prevent the introduction of these artifacts, we apply
the data-generation protocol described in Algorithm 2.
The key idea is to update the training labels only when
a fault produces a non-trivial stabilizer syndrome in the
same round; otherwise, the resulting data-qubit error is
deferred and treated as an input error in the subsequent
round.

Additional care is required when processing faults con-
taining Y errors. For instance, a single Y error on a data
qubit can produce an X-type detection event in round k
and a Z-type detection event in round k + 1, leading to
mixed spacelike–timelike signatures. To avoid introducing
artificial correlations of this form, all faults containing Y
errors are decomposed into equivalent combinations of X-
and Z-only errors prior to applying Algorithm 2.

For single-qubit faults, this decomposition is straight-
forward, since Y = X⊕Z and the two components can be
propagated independently. For two-qubit faults contain-
ing at least one Y error, the situation is more subtle but
remains systematic. Such faults arise only after CNOT
gates and therefore always involve one data qubit and one
ancilla qubit.

The decomposition is chosen to correlate the X/Z con-
tent of the data-qubit error with the type of error de-
tectable by the ancilla. For example, ancillas used in X
stabilizer measurements detect Z errors. Consequently, a
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FIG. 7. Circuit for a d = 5 surface code showing the CNOT gates and corresponding time steps used to generate our data. The
time step t = 1 is used for preparing the ancillas (grey vertices) in the |+⟩ and |0⟩ basis. The time step t = 6 is for measuring
the ancillas in the X or Z basis.

Algorithm 2 Data generation protocol

for k = 1 to dm − 1 do
Let Ek be the full set of faults generated by the noise

model at each fault location in syndrome measurement
round k.

Let NEk
be the number of faults in Ek, and let e

(k)
j

denote the jth fault (1 ≤ j ≤ NEk
).

for j = 1 to NEk
do

Propagate e
(k)
j through the surface-code stabi-

lizer measurement circuit.
Let s

e
(k)
j

be the resulting stabilizer syndrome.

Let |s
e
(k)
j

| denote the Hamming weight of s
e
(k)
j

.

if |s
e
(k)
j

| > 0 then

Update trainX and trainY as described in
Sections IVB1 and IVB2.

else
if e

(k)
j results in a non-trivial data-qubit error

e
(k)
dj

then

Append e
(k)
dj

to Ek+1 at time step 1 and

ignore updates to trainY.

fault of the form Y (data)Z(ancilla) is decomposed as

Y Z → ZZ ⊕XI, (23)

where each term is propagated independently. This en-
sures that the resulting detection events are correctly
localized in time.

The complete set of decomposition rules used in this
work is summarized in Table I. After decomposition, each
resulting fault is treated independently and propagated
according to Algorithm 2.

Error X-ancilla Z-ancilla

YX XI ⊕ ZI ⊕ IX XX ⊕ ZI

YZ ZZ ⊕XI XI ⊕ ZI ⊕ IZ

YY ZZ ⊕XI ⊕ IX XX ⊕ ZI ⊕ IZ

XY XI ⊕ IX ⊕ IZ XX ⊕ IZ

ZY ZZ ⊕ IX ZI ⊕ IX ⊕ IZ

TABLE I. Decomposition rules for two-qubit faults containing
Y errors. The first qubit is always a data qubit and the second
is an ancilla qubit. Columns distinguish the ancilla type.

4. Homological equivalence function

Many error configurations acting on data qubits are
physically equivalent. We say that two Pauli errors E1 and
E2 are homologically equivalent if there exists a stabilizer
g ∈ S such that

E1 = gE2, (24)

where S denotes the stabilizer group of the surface code.
In order to reduce the complexity of the labeled training
data and thereby improve training performance, we fix a
canonical choice of representative within each homological
equivalence class. In what follows, all transformations are
chosen to preserve the induced syndrome history and the
logical equivalence class of the error.

We first describe a spacelike homological equiva-
lence protocol, closely following Ref. [9]. We then in-
troduce a complementary timelike homological equiv-
alence protocol that simplifies label structure across
consecutive syndrome measurement rounds.

For the spacelike protocol, consider a weight-four X-
type stabilizer gk(X), represented by a red plaquette in
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FIG. 8. Spacelike homological equivalence convention as shown in a d = 5 surface code lattice. On the left part of the
figure, we show X error configurations which are invariant under the transformations of the functions weightReductionX and
fixEquivalenceX. On the right part of the figure, we show Z error configurations which are invariant under the transformations
of the functions weightReductionZ and fixEquivalnceZ.

Timelike homological equivalence (1)

Round 𝑗 Round 𝑗 + 1

Timelike loop

𝑍

𝑚

𝑚

𝑍

(a)

Timelike homological equivalence (2)

Round 𝑗 Round 𝑗 + 1

Timelike loop𝑋

𝑚

𝑚

𝑋

(b)

FIG. 9. Timelike homological equivalence convention for a d = 5 surface code. (a) For each data qubit in two consecutive
syndrome measurement rounds, we apply a Z correction. Measurement errors that anti-commute with the Z error are added in
the first round that a Z data qubit error is added. If the number of 1’s in trainY is reduced, we accept the trivial correction.
(b) Same as (a) but with X corrections.
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Timelike homological equivalence higher order (1)

Round 𝑗 Round 𝑗 + 1

𝑍

𝑚 𝑚

𝑍 𝑍 𝑍

(a)

Timelike homological equivalence higher order (2)

Round 𝑗 Round 𝑗 + 1

𝑋

𝑚

𝑚

𝑋

𝑋

𝑋

(b)

FIG. 10. Timelike homological equivalence convention for a d = 5 surface code for weight-two errors arising from a single
fault. (a) For each weight-four Z-type stabilizer, after applying the fixEquivalenceZ function in two consecutive rounds, add
a horizontal weight-two Z error in the direction set by fixEquivalenceZ in two consecutive syndrome measurement rounds,
along with measurement errors on X-type stabilizers that anticommute with the Z errors in the first round the Z errors are
introduced. Apply such corrections to trainY. If the number of 1’s in trainY is reduced, we accept the trivial correction. (b)
Same as (a) but with X corrections, and where the weight-two X errors are added in the vertical direction.

Fig. 8. Any weight-three X error E3 supported on gk(X)
can be reduced to a weight-one error by multiplying by the
stabilizer, i.e., by forming gk(X)E3. Similarly, a weight-
four X error supported on gk(X) is equivalent to gk(X)
itself and can therefore be removed entirely. We define
the function weightReductionX to apply these weight-
reduction transformations across all relevant stabilizers.
In addition, weightReductionX removes weight-two X
errors supported on weight-two X stabilizers along the
left and right boundaries of the surface-code patch.

Next, let Ex be a weight-two X error supported on
a weight-four stabilizer gk(X) whose top-left data qubit
has coordinates (α, β) on the D ×D grid (with α denot-
ing the row index and β the column index). We define
fixEquivalenceX via the following canonicalization rules:

• Vertical X chain: If Ex has support on (α, β)
and (α+ 1, β), then fixEquivalenceX maps Ex to
support on (α, β + 1) and (α+ 1, β + 1).

• Horizontal X chain: If Ex has support on (α+
1, β) and (α+1, β+1), then fixEquivalenceXmaps
Ex to support on (α, β) and (α, β + 1).

• Diagonal X chain: If Ex has support on (α, β)
and (α+1, β+1), then fixEquivalenceX maps Ex

to support on (α, β + 1) and (α+ 1, β).

Boundary stabilizers require special handling. Let
gk(X) be a weight-two X stabilizer along the left bound-
ary, with the top-most qubit in its support at coordinates
(α, β). If Ex is a weight-one error at (α + 1, β), then
fixEquivalenceX maps it to (α, β). Conversely, if gk(X)
is a weight-two X stabilizer along the right boundary with
top-most qubit at (α, β), then a weight-one error at (α, β)
is mapped to (α+ 1, β). These mappings are illustrated
on the left side of Fig. 8.

We now define simplifyX to apply weightReductionX
followed by fixEquivalenceX across all X-type stabiliz-
ers. The function simplifyX is applied iteratively until

convergence. Specifically, let M
(Xα,β)
e (j) be the binary

matrix representing X errors in syndrome measurement

round j, where M
(Xα,β)
e (j) = 1 indicates an X error

on the data qubit at (α, β) and 0 otherwise. We apply
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simplifyX until

simplifyX(M
(Xα,β)
e (j)) = M

(Xα,β)
e (j), (25)

for all 1 ≤ j ≤ dm and all coordinates (α, β) on the D×D
grid.
For Z-type data-qubit errors, we define

weightReductionZ analogously. Let Ez be a weight-
two Z error supported on a weight-four Z stabilizer
gk(Z) whose top-left data qubit has coordinates
(α, β). The function fixEquivalenceZ implements the
transformations:

• Vertical chain: If Ez has support on (α, β) and
(α+1, β), then fixEquivalenceZ maps it to (α, β+
1) and (α+ 1, β + 1).

• Horizontal chain: If Ez has support on (α+1, β)
and (α+ 1, β + 1), then fixEquivalenceZ maps it
to (α, β) and (α, β + 1).

• Diagonal chain: If Ez has support on (α, β + 1)
and (α + 1, β), then fixEquivalenceZ maps it to
(α, β) and (α+ 1, β + 1).

For boundary weight-two Z stabilizers, if gk(Z) lies along
the top boundary with left-most qubit at (α, β), then a
weight-one error at (α, β) is mapped to (α, β+1). If gk(Z)
lies along the bottom boundary with left-most qubit at
(α, β), then a weight-one error at (α, β + 1) is mapped
to (α, β). These mappings are shown on the right side of
Fig. 8.

We then define simplifyZ to apply weightReductionZ
followed by fixEquivalenceZ, iterating until a Z-error
steady state is reached.
After applying the spacelike homological equivalence

protocol independently to all syndrome measurement
rounds, we apply a timelike homological equivalence pro-
tocol that simplifies label structure across consecutive
rounds. Suppose there are dm syndrome measurement
rounds and d2 data qubits. Let t index the training sam-
ple, with 1 ≤ t ≤ Ntrain. For consecutive rounds k and
k + 1, we define

t
(1)
Y1

(k) = trainY(t, j
(1)
1 , j

(2)
1 , k, 1), (26)

t
(3)
Y1

(k) = trainY(t, s(j1)x , s(j1)y , k, 3), (27)

t
(3)
Y2

(k) = trainY(t, s(j2)x , s(j2)y , k, 3), (28)

t(1)pY1
(k) = trainY(t, j

(1)
1 , j

(2)
1 , k, 1)⊕ 1, (29)

t(3)pY1
(k) = trainY(t, s(j1)x , s(j1)y , k, 3)⊕ 1, (30)

t(3)pY2
(k) = trainY(t, s(j2)x , s(j2)y , k, 3)⊕ 1. (31)

where (j
(1)
1 , j

(2)
1 ) are the coordinates of a data qubit q

(1)
j ,

and the coordinates of stabilizers that anticommute with
q
(1)
j are (s

(j1)
x , s

(j1)
y ) and (s

(j2)
x , s

(j2)
y ). If only a single

stabilizer anticommutes with q
(1)
j , we set t

(3)
Y2

(k) = 0 and

t
(3)
pY2

(k) = 0.

We further define

sY (k) = t
(1)
Y1

(k) + t
(3)
Y1

(k) + t
(3)
Y2

(k), (32)

sY (k + 1) = t
(1)
Y1

(k + 1) + t
(3)
Y1

(k + 1)

+ t
(3)
Y2

(k + 1), (33)

spY
(k) = t(1)pY1

(k) + t(3)pY1
(k) + t(3)pY2

(k), (34)

spY
(k + 1) = t(1)pY1

(k + 1) + t
(3)
Y1

(k + 1)

+ t
(3)
Y2

(k + 1), (35)

as well as

sX(k) = trainX(t, s(j1)x , s(j1)y , k, 1)

+ trainX(t, s(j2)x , s(j2)y , k, 1). (36)

Note that in Eq. (35), the last two terms involve t
(3)
Y1

(k+1)

and t
(3)
Y2

(k + 1) rather than t
(3)
pY1

(k + 1) and t
(3)
pY2

(k + 1);
see Fig. 9 for intuition. This is because the candidate
correction adds a data-qubit error to rounds k and k + 1
together with associated stabilizer measurement errors
only in round k—the round where the error is first in-
troduced. Since no additional measurement errors are
appended at round k + 1, the timelike labels t

(3)
Y1

(k + 1)

and t
(3)
Y2

(k + 1) enter the cost sum unflipped.

Finally, we define

smax = max(sY (k) + sX(k), sY (k + 1)

+ sX(k + 1)), (37)

s(HE)
max = max(spY

(k) + sX(k), spY
(k + 1)

+ sX(k + 1)), (38)

s(k, k + 1) = sY (k) + sX(k) + sY (k + 1)

+ sX(k + 1), (39)

s(HE)(k, k + 1) = spY
(k) + sX(k) + spY

(k + 1)

+ sX(k + 1). (40)

The timelike homological equivalence protocol for single
data-qubit Z corrections is given in Algorithm 3. The
corresponding protocol for X corrections is obtained by
replacing channels (1, 3) of trainY with channels (2, 4)
in Eqs. (26) to (31).

An illustration of Algorithm 3 is shown in Fig. 9. Intu-
itively, applying an X or Z error to the same data qubit
in two consecutive rounds—together with measurement
errors on stabilizers that anticommute with the added
error in the first of the two rounds—can correspond to
a trivial operation, since no net syndrome change is reg-
istered. Exploiting this freedom can simplify trainY by
introducing additional structure that is easier for CNNs
to learn.

Without this simplification, an error that is introduced
in round k but masked by measurement errors (and there-
fore detected only in round k + 1) would still appear as a
label in trainY at round k. This can encourage the net-
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Algorithm 3 Timelike homological equivalence Z

for k = 1 to dm − 1 do
for j = 1 to d2 do

Let qj be a data qubit on the d × d grid with
coordinates (jx, jy).

Determine the set Sj of stabilizers that anticom-
mute with a Z error on qj .

if |Sj | = 1 then

Let the stabilizer coordinates be (s
(j1)
x , s

(j1)
y ).

Set t
(3)
Y2

(k) = 0 and t
(3)
pY2

(k) = 0.
else if |Sj | = 2 then

Let the stabilizer coordinates be (s
(j1)
x , s

(j1)
y )

and (s
(j2)
x , s

(j2)
y ).

Compute smax and s
(HE)
max .

using Eqs. 37 and 38.
Compute s(k, k + 1) and s(HE)(k, k + 1).

using Eqs. 39 and 40.
if s(HE)(k, k + 1) < s(k, k + 1) then

Set trainY(t, j
(1)
1 , j

(2)
1 , k, 1) = t

(1)
pY1

(k).

Set trainY(t, s
(j1)
x , s

(j1)
y , k, 3) = t

(3)
pY1

(k).

Set trainY(t, s
(j2)
x , s

(j2)
y , k, 3) = t

(3)
pY2

(k).

Set trainY(t, j
(1)
1 , j

(2)
1 , k+1, 1) = t

(1)
pY1

(k+1).

else if s(HE)(k, k + 1) = s(k, k + 1) then

if s
(HE)
max > smax then

Set trainY(t, j
(1)
1 , j

(2)
1 , k, 1) = t

(1)
pY1

(k).

Set trainY(t, s
(j1)
x , s

(j1)
y , k, 3) = t

(3)
pY1

(k).

Set trainY(t, s
(j2)
x , s

(j2)
y , k, 3) = t

(3)
pY2

(k).

Set trainY(t, j
(1)
1 , j

(2)
1 , k+1, 1) = t

(1)
pY1

(k+
1).

else
Leave trainY unchanged.

else
Leave trainY unchanged.

Repeat the above until the number of 1’s in trainY is
no longer reduced.

work to apply corrections in an incorrect round, leading
to residual timelike failures that are then passed to the
global decoder.

Algorithm 3 focuses on single data-qubit errors across
two consecutive rounds. Since weight-two data-qubit
errors can also arise from a single fault, we additionally
consider a weight-two extension of the protocol, in which
all weight-two Z (or X) errors arising from a single fault
are included. An illustration of this extension is shown in
Fig. 10.
The complete homological equivalence protocol there-

fore combines the spacelike and timelike transformations
in an iterative scheme. We first apply spacelike homologi-
cal equivalence to all rounds, then apply timelike homo-
logical equivalence for weight-one data-qubit errors. Since
timelike transformations can create new opportunities for
spacelike simplification, we perform a final spacelike pass

Order of operations for homological equivalence scheme to process 
trainY

Spacelike homological 
equivalence

Timelike homological 
equivalence

Spacelike homological 
equivalence

Repeatedly apply weight-
reduction followed by 
weight-3 X/Z error 
equivalence for weight-6 
stabilizers and weight-2 X/Z 
error equivalence for 
weight-4 stabilizers until 
error patterns in trainY no 
longer change.

Apply the weight-1 timelike 
equivalence protocol to all 
data qubits. Optionally, 
follow this up with the 
weight-2 and weight-3 
schemes for each stabilizer 
(both X and Z).

Repeatedly apply weight-
reduction followed by 
weight-3 X/Z error 
equivalence for weight-6 
stabilizers and weight-2 X/Z 
error equivalence for 
weight-4 stabilizers until 
error patterns in trainY no 
longer change.

(a)

FIG. 11. Sequence of operations for the complete homological
equivalence protocol. We first apply the spacelike homological
equivalence protocol, followed by the timelike homological
equivalence protocol (for weight-one errors), and finally reapply
the spacelike protocol as a cleanup step.

as a cleanup step. This sequence is illustrated in Fig. 11.
Finally, we note that many alternative choices of homo-

logical equivalence functions are possible; see, for example,
the discussion of simplifier operations in Ref. [23].

5. Loss function

To train the pre-decoder networks, we use a binary
cross-entropy (BCE) objective, since the model predicts
independent per-voxel probabilities for spacelike Pauli
corrections and timelike syndrome flips. Concretely, the
network produces four output channels and we apply a sig-
moid nonlinearity to each channel to obtain probabilities
in [0, 1].

For a surface-code patch on a D×D grid with dm syn-
drome measurement rounds, let the ground-truth labels
Y and model outputs Ŷ be

Y ∈ {0, 1}4×D×D×dm , (41)

Ŷ ∈ [0, 1]4×D×D×dm . (42)

The loss is computed as a sum of BCE terms over all
channels and voxels,

LBCE(Y, Ŷ ) =

4∑
c=1

D∑
α=1

D∑
β=1

dm∑
k=1

[
− Yc,α,β,k log(Ŷc,α,β,k)

− (1− Yc,α,β,k) log(1− Ŷc,α,β,k)
]
, (43)

which corresponds to one BCE loss per voxel per channel,
for a total of 4D2dm terms.

6. Inference step

We now describe the inference procedure for a trained
pre-decoder obtained using the methods of Section IVB.
Given syndrome data formatted as trainX, the pre-
decoder predicts local spacelike and timelike corrections,
which are then used to modify the syndrome history before
passing it to a global decoder.
Let out denote the output tensor of the trained pre-

decoder. For the jth shot and kth syndrome measurement
round, the predicted spacelike corrections on the D ×D
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grid are

Z(j,k)
corr = out(j, 1:D, 1:D, k, 1), (44)

X(j,k)
corr = out(j, 1:D, 1:D, k, 2). (45)

and the predicted timelike stabilizer corrections are

SynX(j,k)
corr = out(j, 1:D, 1:D, k, 3), (46)

SynZ(j,k)
corr = out(j, 1:D, 1:D, k, 4). (47)

Let SynX(j,k) and SynZ(j,k) denote the measured de-
tector events for X- and Z-type stabilizers in round k
during inference. The syndromes induced by the predicted
spacelike corrections are

S
(j,k)
X = MX

(
Z(j,k)
corr

)
, (48)

S
(j,k)
Z = MZ

(
X(j,k)

corr

)
, (49)

where MX and MZ map data-qubit Pauli errors to the
corresponding X- and Z-stabilizer syndromes.

If SynX(j,k)
corr (l) = 1, the measurement outcome of the

l-th X stabilizer is flipped in both rounds k and k + 1.

Similarly, if SynZ(j,k)
corr (l) = 1, the outcome of the l-th Z

stabilizer is flipped in rounds k and k+1. This implements
the timelike correction predicted by the pre-decoder.

After applying both spacelike and timelike corrections,
the residual syndromes passed to the global decoder are

R(j,1)(X) = SynX(j,1) ⊕ SynX(j,1)
corr ⊕ S

(j,1)
X , (50)

R(j,k>1)(X) = SynX(j,k) ⊕ SynX(j,k)
corr

⊕ SynX(j,k−1)
corr ⊕ S

(j,k)
X , (51)

R(j,1)(Z) = SynZ(j,1) ⊕ SynZ(j,1)
corr ⊕ S

(j,1)
Z , (52)

R(j,k>1)(Z) = SynZ(j,k) ⊕ SynZ(j,k)
corr

⊕ SynZ(j,k−1)
corr ⊕ S

(j,k)
Z . (53)

Let E(j,k)(X) and E(j,k)(Z) denote the X- and Z-type
data-qubit errors introduced during round k (excluding
accumulated errors from earlier rounds). The residual
spacelike errors after applying the pre-decoder corrections
are

R(j,k)
e (Z) = Z(j,k)

corr ⊕ E(j,k)(Z), (54)

R(j,k)
e (X) = X(j,k)

corr ⊕ E(j,k)(X). (55)

Let C(j,k)(X) and C(j,k)(Z) denote the X- and Z-type
corrections applied by the global algorithmic decoder
in round k, computed from the residual syndromes in

Eqs. (50) to (53). The total accumulated corrections are

L(j)(X) =

dm⊕
k=1

[
C(j,k)(X)⊕R(j,k)

e (X)
]
, (56)

L(j)(Z) =

dm⊕
k=1

[
C(j,k)(Z)⊕R(j,k)

e (Z)
]
. (57)

A logical X (Z) error is said to have occurred if L(j)(X)
(L(j)(Z)) anticommutes with the logical operator ZL (XL)
of the D ×D surface-code patch.

V. NOISE LEARNING ARCHITECTURE FROM
SYNDROME STATISTICS

When operating a quantum device, it is not always
possible to fully characterize the underlying circuit-level
noise model with sufficient accuracy to compute opti-
mal decoding weights. In practice, noise processes may
be partially unknown, drift over time, or deviate from
simplified assumptions used in simulations. However, syn-
drome measurement data from repeated stabilizer rounds
is experimentally accessible and contains statistical in-
formation about the effective error processes affecting
the code. This motivates approaches that infer decoding
parameters directly from syndrome statistics rather than
relying on an explicit circuit-level noise model.
When a pre-decoder is applied to measured syndrome

data, the resulting residual syndromes passed to the global
decoder are modified according to Eqs. (50) to (53). As
a result, the statistics of the residual syndromes are gov-
erned by an effective noise model that generally differs
from the original circuit-level model used to generate the
physical errors. Global decoders such as PyMatching
compute matching-graph edge weights using probabilities
derived from an assumed noise model [29]. If the effective
noise statistics differ from those assumed by the decoder,
the resulting edge weights may be suboptimal.

In this section, we introduce a neural network architec-
ture that learns the effective noise parameters required to
compute near-optimal edge weights and correlation struc-
ture for PyMatching directly from syndrome statistics of
two consecutive bulk measurement rounds. The learned
parameters support both standard (uncorrelated) match-
ing and correlated matching, which incorporates hyper-
edge information through two-pass reweighting. During
training, the network is provided with syndrome data
generated from a known circuit-level noise model. At
inference time, the trained network can be applied to
experimentally obtained syndrome statistics—or to the
residual syndromes produced by a pre-decoder—to es-
timate the corresponding effective noise model. These
learned probabilities can then be used to construct the
detector error model supplied to PyMatching.
A key observation enabling this approach is that the

probability formulas for both edges and hyperedges in the
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FIG. 12. Architecture for learning the circuit-level noise parameters of the gates used to implement the surface code.
Two-dimensional convolutional layers extract local spatial features from two consecutive syndrome-measurement rounds mapped
to a 2D grid following the procedure in Fig. 5. A global average pooling layer aggregates these features into global statistics that
capture syndrome-motif frequencies. The final MLP head maps these global features to the estimated noise parameters for each
circuit-level component.

surface code matching graph are independent of code dis-
tance. For both the X- and Z-stabilizer matching graphs,
there are 18 distinct edge types and 43 distinct hyperedge
type compositions whose probability expressions are iden-
tical for all code distances d ≥ 5 (see Section A). While
the number of instances of each type scales with the code
distance, their functional dependence on the underlying
noise parameters does not.

This distance-independence, combined with the use of
global average pooling in our neural network architecture,
allows the noise-learning model to be trained at a single
code distance and to generalize to arbitrary distances
during inference.

A. Architecture

An overview of the noise-learning architecture is shown
in Fig. 12. The input to the network consists of syn-
drome data from two consecutive bulk syndrome mea-
surement rounds, mapped onto a two-dimensional grid
using the same conventions described in Section IVB1
and illustrated in Fig. 5. The input tensor has shape
(B, 4, 2, D,D), where B is the number of syndrome sam-
ples, the 4 channels correspond to the encodings defined
in Eqs. (15), (16), (19) and (20), and the two rounds
are extracted from the bulk (middle) portion of a dm-
round experiment to avoid temporal boundary effects
from initialization and final measurement.

The architecture consists of three stages:

Convolutional feature extractor. A 4-layer 2D
CNN processes each syndrome pair independently. The
input channels (4× 2 = 8 after reshaping) are processed
through layers with filter counts [128, 256, 256, 128], each
using 3×3 kernels with padding to preserve spatial dimen-
sions. We use GroupNorm (32 groups) for normalization
and GeLU activations. Dropout (p = 0.1) is applied only
to the final CNN layer.

Global average pooling. The output of the fi-
nal CNN layer, H ∈ R128×D×D, is reduced to a 128-
dimensional feature vector by averaging over all spatial

positions:

gc =
1

D2

∑
x,y

Hc,x,y. (58)

This operation is distance-preserving: the pooled features
have the same dimensionality regardless of code distance
d, enabling a single trained model to generalize across
distances.

MLP prediction head with post-MLP averaging.
We apply a 3-layer MLP independently to each sample’s
pooled features, producing per-sample logits:

zk = MLP(gk) ∈ R25, (59)

where the MLP has hidden dimensions [256, 128] with
GeLU activations and dropout (p = 0.2). The logits are
then averaged across the batch:

z̄ =
1

B

B∑
k=1

zk. (60)

Finally, the averaged logits are mapped to noise param-
eters using a bounded log-space transformation:

p̂i = exp
(
log p′min +

(
log p′max − log p′min

)
· σ(z̄i)

)
, (61)

where σ is the sigmoid function, p′min = pmin/100, and
p′max = 3 pmax, with pmin = 10−3 and pmax = 10−2. The
extended bounds account for the fact that individual noise
parameters (e.g., individual CNOT Pauli channels) can
be significantly smaller or larger than the base error rate.
This log-space parameterization enables the network to
naturally span multiple orders of magnitude in probability
values while ensuring all predictions lie in a valid range.

The post-MLP averaging in Eq. (60) allows each syn-
drome sample to contribute its own parameter estimate in
logit space before aggregation. During training, B is the
batch size; during inference, B = Ntest where Ntest ≫ 1
syndrome pairs are used for reliable estimation. The
network is trained using the same aggregation procedure
used during inference, eliminating train–test mismatch.
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B. Edge and hyperedge probability formulas

The matching graph used by PyMatching contains
edges connecting pairs of detectors that could arise from
the same error, as well as hyperedges representing cor-
related multi-detector events that decompose into pairs
of edges. To compute both edge weights (for standard
matching) and conditional probabilities (for correlated
matching), we derive closed-form probability formulas for
all edge and hyperedge types as functions of the 25 noise
parameters.

Edge formulas. By systematically activating each
single-Pauli error in the circuit and tracing which detector
pairs it flips, we identify all error mechanisms contributing
to each edge. When multiple independent mechanisms
flip the same detector pair, their probabilities combine
via XOR:

P1 ⊕ P2 = P1 + P2 − 2P1P2. (62)

Each edge probability is thus expressed as an XOR com-
bination of sums of noise parameters. For both the X-
and Z-stabilizer matching graphs, this analysis yields 18
distinct edge types: 3 spacelike, 4 timelike, 5 diago-
nal, and 6 boundary types. These formulas are distance-
independent: the same expressions apply for all d ≥ 5,
with only the instance count of each type scaling with
distance.

Hyperedge formulas. When Stim generates a de-
tector error model with decompose errors=True, corre-
lated multi-detector events are decomposed into pairs of
edges separated by the ^ operator. PyMatching uses
these decomposed hyperedges for correlated two-pass
matching, where conditional probabilities P (E2 | E1) =
Pjoint/P (E1) are used to reweight edges in a second pass
after an initial matching solution.

Using the same single-error tracing methodology as for
edges, we identify all error mechanisms that produce each
decomposed hyperedge pattern. The joint probability of
each hyperedge is computed as the XOR combination of
contributing error probabilities. Classifying hyperedges
by their component edge types yields 43 distinct type
compositions. These formulas are distance-independent:
all 86 types derived at d = 5 cover all hyperedge types
observed at d = 5, 7, 9, 11, 21, and 31. The formulas are
verified against Stim’s detector error model.

C. Loss function

The noise-learning network predicts parameters p̂ from
which we compute predicted edge and hyperedge proba-
bilities. The loss function combines contributions from
both edge and hyperedge loss functions as

L = Ledge + Lhyper. (63)

The edge loss is a count-weighted MSE over the Ne = 18
edge types for the relevant basis, and the hyperedge loss
is a count-weighted MSE over the Nh = 43 hyperedge
type compositions:

Ledge =

Ne∑
j=1

cj
(
P̂ej − Pej

)2
, (64)

Lhyper =

Nh∑
k=1

dk
(
Ĥk −Hk

)2
, (65)

where cj and dk denote instance counts for edges and hy-
peredges, and Pej = Ej(p) and Hk = Hk(p) are the
ground-truth probabilities computed from the known
noise parameters (see Section A). Because all XOR for-
mulas involve only additions and multiplications, both
Ej and Hk are fully differentiable, enabling end-to-end
gradient-based training.

During training, the base error rate is sampled from a
log-uniform distribution over [pmin, pmax]. With this sam-
pling, terms in the loss functions can be biased towards
sampled values closer to pmax. To correct for this, we
introduce a variance-stabilizing weight

w(p) =
(p0
p

)2

, (66)

with p0 =
√
pmin · pmax the geometric mean, yielding the

unbiased edge and hyperedge losses:

Ledge = w(p)

Ne∑
j=1

cj ·
(
P̂ej − Pej

)2

, (67)

Lhyper = w(p)

Nh∑
k=1

dk ·
(
Ĥk −Hk

)2

. (68)

The inclusion of hyperedge terms serves two purposes:
it provides the conditional probability information needed
for correlated matching, and it acts as a beneficial reg-
ularizer by breaking the parameter degeneracy inherent
in edge-only optimization. Empirically, the edge and hy-
peredge losses are naturally comparable in magnitude
without any relative scaling, and no additional regular-
ization is needed.

D. Training procedure

The training data is generated on-the-fly using a GPU-
accelerated Pauli frame simulator. Let d be the surface
code distance used to train the noise learning model. For
each training step we do the following:

1. Sample a base error rate pbase from a log-uniform dis-
tribution over [pmin, pmax], then derive the 25 noise
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parameters with location-specific random multipliers
and random Pauli-type distributions (see Section A 1).

2. Generate B independent syndrome samples at the train-
ing distance d using the sampled noise model.

3. For each sample k, compute zk =
MLP(GAP(CNN(xk))).

4. Average logits: z̄ = 1
B

∑
k zk, then p̂ =

BoundedLogSpace(z̄) via Eq. (61).

5. Compute P̂ej = Ej(p̂) and Ĥk = Hk(p̂).

6. Minimize L = Ledge + Lhyper and backpropagate
through the differentiable formulas.

The hierarchical noise sampling ensures diverse train-
ing data spanning multiple orders of magnitude while
maintaining physically reasonable correlations between
parameters.

E. Inference strategy

At inference time, the trained network is applied to
syndrome data produced by the pre-decoder. From any
surface code experiment with dm ≥ 3 syndrome measure-
ment rounds, we extract a pair of consecutive bulk rounds
(avoiding the first and last rounds to exclude temporal
boundary effects). These two rounds are formatted as
the input tensor and fed through the network along with
Ntest ≫ 1 shots, producing per-sample logits that are
averaged and converted to noise parameters via Eqs. (60)
and (61).
The learned parameters p̂ are used to con-

struct a complete Stim circuit with the corre-
sponding noise model, from which a detector error
model is generated with decompose errors=True and
approximate disjoint errors=True. This detector er-
ror model is then loaded into PyMatching, supporting
both uncorrelated matching (using edge weights only) and
correlated matching (using edge weights and hyperedge
conditional probabilities).

VI. NUMERICAL RESULTS AND
PERFORMANCE BENCHMARKS

In this section we present numerical results for the fam-
ily of pre-decoder models summarized in Table II. All
models are based on fully convolutional three-dimensional
CNN architectures (see Section IVB), in which successive
layers extract increasingly higher-order features from the
spatiotemporal syndrome volume. Early layers specialize
in local, low-order patterns such as single-fault detection-
event pairs or short timelike chains, while deeper layers
hierarchically combine these primitives to represent more
complex correlations arising from hook errors, bursts of

measurement faults, and multi-fault space–time struc-
tures.
The number of filters in each convolutional layer con-

trols the expressiveness of the local feature basis: wider
layers allow multiple distinct syndrome motifs to be rep-
resented in parallel, increasing the network’s capacity to
model diverse physical error mechanisms. The kernel size
determines the spatial and temporal neighborhood over
which features are computed. Small kernels enforce local-
ity consistent with the fault-propagation structure of the
surface code, while increased depth allows longer-range
correlations to be assembled hierarchically.
The five models in Table II are designed to explore

architectural tradeoffs between expressive power and
pre-decoding runtimes. Increasing the number of filters
(model width) generally improves representational capac-
ity but increases the number of floating-point operations
per convolution, leading to higher runtimes during in-
ference. For example, Model 1 uses three hidden layers
with 128 filters and 3× 3× 3 kernels, yielding a relatively
lightweight architecture with low runtimes but limited
capacity. Model 2 increases the filter count to 256 per
layer, resulting in roughly a four-fold increase in parame-
ter count and GPU runtime, but with improved modeling
capability.
Model 3 keeps the network width fixed while increas-

ing the kernel size to 5× 5× 5, expanding the receptive
field from 9 to 17 lattice units. This allows longer-range
space–time correlations to be captured earlier in the net-
work, at the cost of substantially more parameters and
slower convolutions. Models 4 and 5 instead increase
network depth while retaining small kernels, thereby ex-
panding the receptive field hierarchically while keeping
each convolution computationally cheaper than a large-
kernel alternative. These models therefore probe the
tradeoff between deeper hierarchical feature extraction
and inference speed.
Collectively, this suite of models spans multiple or-

thogonal architectural axes—width, depth, and kernel
size—enabling a systematic assessment of how design
choices affect logical error rate performance and GPU
runtimes. Runtime results for each model are presented
in Section VIC.
All pre-decoder models are trained using the hyper-

parameters listed in Table III. Unless otherwise stated,
simulations throughout this section employ the following
depolarizing circuit-level noise model:

• A |0⟩ (|+⟩) state preparation is followed by an X
(Z) error with probability 2p/3.

• Prior to each Z (X) basis measurement, an X (Z)
error occurs with probability 2p/3.

• With probability p, each two-qubit gate is followed
by a two-qubit Pauli error drawn uniformly from
{I,X, Y, Z}⊗2 \ {I ⊗ I}.

• During idle locations associated with either CNOT
gates or state-preparation and measurement, a Pauli
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num filters kernel size RF size num params

Model 1 [128,128,128,4] [3,3,3,3] 9 912,272
Model 2 [256,256,256,4] [3,3,3,3] 9 3,595,012
Model 3 [128,128,128,4] [5,5,5,5] 17 4,224,388
Model 4 [128,128,128,128,128,4] [3,3,3,3,3,3] 13 1,797,764
Model 5 [256,256,256,256,256,4] [3,3,3,3,3,3] 13 7,134,468

TABLE II. Pre-decoder models considered in this work. The size of the vectors used for num filters and kernel size indicate
how many 3DConv layers are used. The entries in num filters and kernel size indicate the number of filters and kernel size
used in that given layer. Note that if an entry in the j-th column of kernel size is K, a kernel size of K ×K ×K is used in
that layer. We use Eq. (8) to compute the receptive field size. All models use stride 1 and no dilation.

Hyperparameters Values

Shots per epoch 67,108,864

Number of epochs 100

Batch size per GPU Epoch 1: 512, Epoch ≥ 2: 2048

Number of GPUs 8

Optimizer Lion: Weight decay = 10−7, beta2 = 0.95

Learning rate schedule Warmup then decay (100 warmup steps). Apply γ = 0.7 at milestones [0.25, 0.5, 1.0]

Learning rates Model 1 = 3× 10−4, Model 2 = 2× 10−4, Model 3 = 1× 10−4, Model 4 = 2× 10−4, Model 5 = 1× 10−4

Activation function GeLU (tanh approximation)

Dropout 0.05

Exponential moving average (ema) decay = 0.0001

TABLE III. Hyperparameters used to train models 1 to 5 from Table II. The γ = 0.7 is applied to the learning rate at milestones
[0.25, 0.5, 1.0]. For instance, the first milestone 0.25 indicates that at 25% of training steps, the learning rate becomes 0.7× base.

The tanh approximation of GeLU uses the function GeLU(x) ≈ 0.5x(1 + tanh (
√

2/π(x+ 0.044715x3))).

error is drawn uniformly from {X,Y, Z} with prob-
ability p.

When applying the homological equivalence scheme in
Fig. 11 during training, the timelike homological equiva-
lence protocol is constrained to include only weight-one
corrections (i.e., we apply corrections like in Fig. 9 but
not those of Fig. 10) as this was found to produce the
best results.
This section is structured as follows. In Section VIA,

we quantify the reduction in syndrome density produced
by each pre-decoder and the resulting improvements in
logical error rates when the processed syndromes are
passed to uncorrelated PyMatching for the global de-
coder. In Section VIB we perform the same analysis
but for correlated PyMatching used as the global de-
coder. In Section VIC, we report both the standalone
pre-decoder inference runtimes and the end-to-end decod-
ing runtimes of the combined pre-decoder + PyMatching
pipeline, demonstrating substantial speedups relative to
PyMatching alone. In Section VID, we show how the
pre-decoder per-round runtimes can be substantially re-
duced to numbers well below 1µs when implemented in
a parallel-window decoding fashion with multiple GPUs.
Finally, in Section VIE, we demonstrate numerically that
the noise learning model of Section V is able to recover
the correct circuit-level noise probabilities that produce
near optimal edge weights in the matching graphs used for
uncorrelated and correlated PyMatching. We also show
that applying the noise learning model to pre-decoder out-
puts, and using the predicted probabilities in the global

decoder did not result in lower logical failure rates. This
is due to structure of residual errors after the pre-decoder
is applied.

A. Logical error rates and syndrome densities for
uncorrelated PyMatching

In this subsection, we compare the logical error rates
(LERs) obtained using uncorrelated PyMatching alone
with those obtained using a pre-decoder followed by uncor-
related PyMatching. In what follows in this subsection,
we will omit the word uncorrelated and should be un-
derstood that when mentioning PyMatching we refer to
the uncorrelated version. We focus on models 1 and 5
from Table II, which respectively represent the fastest and
the highest-capacity pre-decoder architectures considered
in this work. These comparisons quantify the extent to
which local pre-decoding can improve logical performance
by reducing the effective syndrome density passed to the
global decoder. The results are shown in Fig. 13.
All models were trained using the hyperparameters

listed in Table III. During training, each model was trained
on a surface-code space–time volume of size (dr, dr, dr)
where dr was chosen to match the receptive field of the
network. For example, model 1 has a receptive field of 9
lattice units (see Table II), and was therefore trained with
dr = 9. We found that using training volumes larger than
the receptive field did not improve performance, while
using volumes smaller than the receptive field degraded
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FIG. 13. Plots of per-round LER for uncorrelated PyMatching (dashed lines) vs per-round LER of a pre-decoder model followed
by uncorrelated PyMatching (solid lines). Due to the low LER’s at (31, 31, 31), we only provide data near threshold. In (a) we
use model 1 from Table II (which corresponds to the fastest model, see Section VIC) whereas in (b) we use model 5.

Model LER improvement d = 5 LER improvement d = 9 LER improvement d = 13 LER improvement d = 17 LER improvement d = 21 LER improvement d = 31

Model 1 1.29x 1.24x 1.27x 1.29x 1.33x 1.44x

Model 4 1.44x 1.66x 1.76x 1.98x 2.28x 3.21x

Model 5 1.50x 1.90x 2.08x 2.48x 2.96x 4.66x

TABLE IV. LER improvement factor (X-basis) for models 1, 4 and 5 of Table II followed by uncorrelated PyMatching compared
to uncorrelated PyMatching alone. All data is obtained at p = 0.006.

Model LER improvement d = 5 LER improvement d = 9 LER improvement d = 13 LER improvement d = 17 LER improvement d = 21 LER improvement d = 31

Model 1 1.43x 1.10x 0.91x 0.84x 0.70x 1.37x(*)

Model 4 1.71x 1.90x 1.32x 1.17x 1.31x 3.02x(*)

Model 5 1.79x 2.43x 1.83x 1.70x 1.73x 3.89x(*)

TABLE V. LER improvement factor (X-basis) for models 1, 4 and 5 of Table II followed by uncorrelated PyMatching compared
to uncorrelated PyMatching alone. All data is obtained at p = 0.003. (*) Extrapolated

Model LER improvement d = 5 LER improvement d = 9 LER improvement d = 13 LER improvement d = 17 LER improvement d = 21 LER improvement d = 31

Model 1 1.16x 1.05x 1.01x 0.971x 0.942x 0.846x

TABLE VI. LER improvement factor (X-basis) for model 1 followed by PyMatching compared to PyMatching alone. In this
table, model 1 is trained using ReLU activation functions rather than GeLU. ReLU activations result in faster inference times as
shown in Section VIC. All data is obtained at p = 0.006.
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Model 5: Syndrome Density Reduction vs Physical Error Rate

(b)

FIG. 14. Plots of the syndrome density reduction factor for models 1 and 5 as a function of the physical error rate p at various
code distances. In (a) we show results for model 1 and in (b) for model 5.

generalization when the trained model was applied to
larger code distances.

During training, the shots per epoch listed in Table III
were generated by using the physical error rate p = 0.006,
since we saw the best performance with a p close to surface-
code threshold from below due to the larger syndrome
density producing more non-trivial events. We do not
consider larger values of p, since the surface-code threshold
is near p ≈ 0.007.

As shown in Section VIC, model 1 achieves the lowest
inference runtimes among all pre-decoders considered, but
also exhibits the smallest LER improvements due to its
limited depth and channel width. For p ≳ 0.004, the LER
obtained using model 1 followed by PyMatching is lower
than that of PyMatching alone for all considered code dis-
tances. At lower values of p, however, there exist regimes
in which model 1 + PyMatching slightly underperforms
PyMatching alone. This behavior is expected, since dur-
ing training most contributions to the loss originate from
higher-p samples. Fine-tuning the training distribution

toward lower p values would likely improve performance
in this regime. We also note that LERs can be further
reduced when using the noise learning architecture de-
scribed in Section V. Numerical results are provided in
Section VIE.

In contrast, model 5, which uses additional layers and
a larger number of filters per layer, consistently outper-
forms PyMatching alone across nearly all distances and
physical error rates considered, as shown in Fig. 13b. This
improved performance comes at the cost of increased in-
ference runtimes (see Section VIC), reflecting a tradeoff
between decoding accuracy and runtime. For p = 0.006,
the LER improvement factors obtained using models 1
and 5 are summarized in Table IV.

We note that the results in Fig. 13 and Table IV corre-
spond to models trained using GeLU activation functions
(see Table III). As shown in Section VIC, replacing GeLU
with ReLU results in faster inference on NVIDIA GB300
GPUs (see also Table VII). The corresponding LER results
for model 1 trained with ReLU activations are shown in
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Model d=13, p = 0.003 (µs/round) d=13, p = 0.006 (µs/round) d=21, p = 0.003 (µs/round) d=21, p = 0.006 (µs/round) d=31, p = 0.003 (µs/round) d=31, p = 0.006 (µs/round)

Uncorrelated PyMatching 3.38 9.97 13.41 29.95 28.78 91.06

Uncorrelated PyMatching after model 1 (GeLU) 1.32 3.05 5.26 11.30 11.92 30.45

Uncorrelated PyMatching after model 4 (GeLU) 1.22 2.55 4.92 9.26 10.81 22.86

Uncorrelated PyMatching after model 5 (GeLU) 1.20 2.38 4.80 8.43 10.70 20.50

Pre-decoder model 1 (GeLU) 2.397 2.397 1.872 1.872 2.609 2.609

Pre-decoder model 4 (GeLU) 3.252 3.252 2.703 2.703 3.774 3.774

Pre-decoder model 5 (GeLU) 4.364 4.364 5.056 5.056 9.263 9.263

Pre-decoder model 1 (ReLU) 2.297 2.297 1.719 1.719 2.139 2.139

Pre-decoder model 4 (ReLU) 3.091 3.091 2.312 2.312 2.892 2.892

Pre-decoder model 5 (ReLU) 4.201 4.201 3.746 3.746 6.511 6.511

TABLE VII. Comparison of runtimes for uncorrelated PyMatching (both with and without syndromes processed by pre-decoder
models) and pre-decoder models. All results correspond to the task of decoding a single (batch size = 1) d× d× d block, and we
report averaged runtimes per syndrome measurement round. PyMatching runtimes are computed using a Grace Neoverse-V2
CPU. The label “PyMatching after model X” refers to PyMatching runtimes after processing syndromes by the pre-decoder
model X (i.e. one of the 5 models in Table II). GPU runtimes for all five pre-decoder models are computed using an NVIDIA
GB300 GPU using TensorRT with FP8 precision.

d p M1 speedup M4 speedup M5 speedup

13 0.003 0.91x 0.76x 0.61x

13 0.006 1.83x 1.72x 1.48x

21 0.003 1.88x 1.76x 1.36x

21 0.006 2.27x 2.50x 2.22x

31 0.003 1.98x 1.97x 1.44x

31 0.006 2.75x 3.42x 3.06x

TABLE VIII. Total speedup factors when using a pre-decoder
(model MX with GeLU activation) + uncorrelated PyMatching
compared to uncorrelated PyMatching alone. Speedup is
defined as the ratio between raw uncorrelated PyMatching
runtimes and the sum of pre-decoder inference runtimes plus
uncorrelated PyMatching runtimes after pre-decoding (see
Table VII). The largest speedup factor for each input setting
is shown in bold.

Table VI. While ReLU yields a modest LER improvement
for most code distances, a slight degradation is observed
at d = 31, illustrating a tradeoff between inference speed
and logical performance.
Finally, we examine the syndrome density reduction

(SDR) achieved by the pre-decoders. The SDR factors for
models 1 and 5 are shown in Fig. 14. Larger syndrome
density reductions directly translate into faster global
decoding, explaining the runtimes improvements observed
for the combined pre-decoder + PyMatching pipeline. As
seen in Fig. 14, the largest SDR gains occur at lower
values of p, which is consistent with the local nature of
the pre-decoder and the fact that the probability of an
error chain of length k scales as cpk for some constant c.

B. Logical error rates and syndrome densities for a
correlated matching global decoder

In this subsection, we perform an analogous analysis to
Section VIA but where the global decoder corresponds
to a correlated matching decoder [29, 33]. The correlated
matching decoder achieves lower LERs relative to uncor-
related PyMatching by using hyperedges in the matching
graph for fault mechanism that produce errors which

anticommute with more than two detectors [16].

When considering correlated matching as the global
decoder, we found that the pre-decoder models given in
Table II result in a higher LER than correlated matching
alone. The reason for this is that most of the residual
errors from the application of a pre-decoder that pro-
duce a logical fault when applying either PyMatching or
correlated matching have structure such that they form
strings of size greater than (d− 1)/2 which are parallel
to a logical observable. As such, a logical fault would
result from any global decoder performing a minimum-
weight correction. To mitigate this problem, we use a
larger CNN network shown in Fig. 15. The network uses
more 3D convolutional layers (eight in this case excluding
projection layers) thereby increasing its ability to learn
from more complex fault mechanisms. Due to the larger
number of layers, we partition the network into residual
blocks, with each residual block using skip connections for
improved gradient flow and to stabilize deep optimization.
In what follows, we refer to the network in Fig. 15 as
model 6.

Since the receptive field of model 6 is 17, we train it
on a d = 17 lattice with dm = 17 syndrome measurement
rounds. The model is trained at p = 0.006 and applied to
p ∈ [0.001, 0.008] during inference. We also scale by 4 the
resources for training with respect to the numbers shown
in Table III (GPUs and number of epochs) while keeping
the effective batch size and number of shots per epoch
constant and use a learning rate of 1× 10−4. In Fig. 16a,
we showcase the LERs obtained by applying model 6 to in-
put syndrome data, followed by using correlated matching
as the global decoder. As can be seen, for d = 5, 9 and 13,
the LER improves from the use of the pre-decoder at all
sampled p values. However, at d ≥ 17, the LER slightly
increases, with a widening gap as p decreases. This can
be remedied by adding additional layers to the model
in Fig. 15 (thus increasing the size of the receptive field
and model capacity), at the cost of higher pre-decoder
runtimes. However, standard techniques like model distil-
lation [34] can compress these larger models into smaller
with almost no loss in accuracy. Such explorations are
left for future work.

In Fig. 16b, we show the SDR achieved from us-
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FIG. 15. Pre-decoder neural network architecture used when the global decoder employs correlated matching. The model
is a fully convolutional 3D residual network composed of four residual blocks, each containing two 3×3×3 convolutions with
BatchNorm. The first block expands channel dimension from 4 to 512, and the final block compresses from 512 to 4 via 1×1×1
projection shortcuts; intermediate blocks use identity skip connections. Residual connections are employed to improve gradient
flow and stabilize deep optimization. The network has a receptive field of size 17 and the total number of parameters for this
network is 42,593,296.

ing model 6. At low error rates, the syndrome den-
sity is reduced by nearly two orders of magnitude. In
Section VIC we show the total correlated PyMatching
speedups achieved from the application of the model 6
pre-decoder.

C. GPU runtimes and optimizations

In this subsection, we analyze both the runtime of
the pre-decoders themselves and the end-to-end decoding
runtimes achieved when combining a pre-decoder with
both uncorrelated and correlated PyMatching. All results
are compared against baseline uncorrelated and correlated
PyMatching and runtimes obtained using unprocessed
syndrome data. GPU runtime measurements for the pre-
decoders are performed on a single NVIDIA GB300 GPU
with FP8 precision, while uncorrelated and correlated
PyMatching runtimes are measured on a Grace Neoverse-
V2 CPU.

We begin with runtime results for uncorrelated match-
ing, with a summary provided in Table VII. Pre-decoder
runtimes measurements were obtained using NVIDIA
TensorRT’s trtexec utility with FP8 inference. To min-
imize measurement overhead and isolate steady-state
device-side inference time, we enabled CUDA graph cap-
ture (--useCudaGraph), disabled host–device transfers
(--noDataTransfers), and used spin-wait synchroniza-
tion (--useSpinWait) for low-runtimes timing. Each

d p
Corr PM
(µs/round)

Corr PM after PD
(µs/round)

Speedup

5 0.003 1.15 0.61 1.9x

5 0.006 1.78 0.69 2.6x

9 0.003 3.35 1.01 3.3x

9 0.006 7.51 1.73 4.3x

13 0.003 9.14 2.67 3.4x

13 0.006 21.51 4.53 4.8x

17 0.003 24.12 5.82 4.1x

17 0.006 50.63 8.68 5.8x

21 0.003 49.75 10.31 4.8x

21 0.006 92.27 14.72 6.3x

31 0.003 133.31 22.78 5.9x

31 0.006 270.83 38.78 7.0x

TABLE IX. Decoding times of correlated PyMatching both
with and without the use of the pre-decoder model 6 given
in Fig. 15. The final column gives the speedup of correlated
PyMatching alone when using model 6 to process the input
syndromes.

configuration was executed with 200 warmup iterations
followed by 100 timed iterations to mitigate cold-start
effects. All benchmarks were collected using TensorRT
v25.12 on an NVIDIA GB300 GPU.

We benchmarked five pre-decoder architectures across
batch sizes B ∈ {1, 2, 4, 8, 16, 32, 64} and three input ten-
sor shapes: 4 × 13 × 13 × 13, 4 × 21 × 21 × 21, and
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Model 6: Logical Error Rate per round vs Physical Error Rate (d × d × d block)
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Model 6: Syndrome Density Reduction vs Physical Error Rate
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FIG. 16. Per-round LERs obtained from using pre-decoder model 6 described in Fig. 15 with correlated PyMatching as the
global decoder. The pre-decoder is trained at p = 0.006. The LERs are improved compared to baseline correlated matching at
d = 5, 9 and 13. At d ≥ 17, the LER is slightly worse with a growing gap as p decreases. (b) Syndrome density reduction factor
obtained by applying the model 6 pre-decoder to input syndromes.

d p Total Speedup

13 0.003 0.66x

13 0.006 1.38x

21 0.003 1.79x

21 0.006 2.87x

31 0.003 2.21x

31 0.006 3.54x

TABLE X. Total speedup of using both the pre-decoder with
correlated PyMatching compared to correlated PyMatching
alone.

4 × 31 × 31 × 31, corresponding to 13, 21, and 31 syn-
drome measurement rounds, respectively. runtimes re-
sults for batch size B = 1 are reported in Table VII, while
batch-size scaling is shown in Fig. 17.

Several remarks are in order regarding the runtime
results in Table VII. First, pre-decoder runtimes are in-
dependent of the physical error rate p, whereas both
uncorrelated and correlated PyMatching runtimes depend
strongly on p through the syndrome density, as reviewed
in Section III. The first row of Table VII reports baseline
uncorrelated PyMatching runtimes for surface codes of
distance d = 13, 21 and 31, using d syndrome measure-
ment rounds in each case. Results for (13, 13, 13) and
(21, 21, 21) are shown at p = 0.003 and p = 0.006, while
for (31, 31, 31) we report results only at p = 0.006 to
emphasize near-threshold behavior.

Rows 2–4 of Table VII show uncorrelated PyMatching
runtimes when provided with syndromes processed by the
pre-decoder. For example, for inputs of size (21, 21, 21)
at p = 0.006, the uncorrelated PyMatching runtime is
reduced from 29.95µs to 11.30µs when using syndromes
produced by model 1 in Table II, corresponding to a
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FIG. 17. GPU runtime performance on an NVIDIA GB300 GPU using TensorRT with FP8 precision. (a) runtimes measurements
for 13× 13× 13 space-time volumes across the five pre-decoder models listed in Table II, trained with the GeLU activation
function. (b) and (c) same as (a) but with 21× 21× 21 and 31× 31× 31 space-time volumes. (d) Same as (c) but with the
GeLU activation function replaced with ReLU. As can be seen, such a replacement results in faster runtimes.
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FIG. 18. Pre-decoder runtime as a function of the batch
size for model 6 given in Fig. 15 for various input volumes at
FP8 precision. Batch sizes greater than one can be used for
space and time parallelization in a parallel block-wise decoding
scheme.

≈ 2.65× speedup in the global decoder alone.
Rows 5–7 report standalone pre-decoder runtimes on

the NVIDIA GB300 GPU using GeLU activation func-
tions. For instance, model 1 achieves a runtime of 1.872µs
per round for (21, 21, 21) inputs. Estimates of the time re-
quired to transfer syndrome data between the pre-decoder
and the global decoder using NVIDIA’s NVQLink architec-
ture [35] indicate that this overhead is negligible relative
to both the pre-decoder and PyMatching runtimes and
is therefore ignored. Consequently, the total decoding
runtimes at p = 0.006 is 13.17µs, representing an over-
all ≈ 2.27× speedup relative to PyMatching alone. At
p = 0.003, the total speedup is reduced to ≈ 1.88×, as
expected since at lower error rates PyMatching becomes
faster and the pre-decoder overhead becomes relatively
more significant.

In the hypothetical limit of negligible pre-decoder run-
times, the speedup at p = 0.006 for (31, 31, 31) inputs
would approach ≈ 3.0× for model 1 and ≈ 4.4× for model
5, illustrating the extent to which global-decoder runtime
dominates near threshold. Rows 8–10 of Table VII report
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FIG. 19. End-to-end per-round logical error rates (LER) and single-shot (batch size 1) runtimes across different decoding
strategies with representative physical error rates p = 0.003 (left) and p = 0.006 (right). Pre-decoder models M1, M5 and M6
run at FP8 precision and were timed on a single GB300 GPU, while PyMatching (PM) was timed on a single Grace Neoverse-V2
CPU. We see how there is a tradeoff between pre-decoder model and global decoder choice. Our strategy of combining an
AI pre-decoder with PyMatching offers a favorable tradeoff: at small d, the pre-decoder inference cost dominates and raw
PyMatching is faster. However, at large d, a reduction in syndrome density from the pre-decoder accelerates PyMatching enough
to offset the pre-decoder cost, making the full pipeline faster than raw PyMatching. Lighter models (M1, M5) with uncorrelated
PyMatching offer the lowest runtimes at moderate accuracy, while M6 with correlated PyMatching targets the highest-accuracy
regime. Points marked with (*) have their LER extrapolated, while their runtimes are measured directly.

pre-decoder runtimes obtained using ReLU activation
functions in place of GeLU, yielding additional runtimes
reductions. Total end-to-end speedups achieved for all five
models at p = 0.006 are summarized in Table VIII. Inter-
estingly, for volumes of size (31, 31, 31), model 4 achieves
the largest overall speedup.
The trends in Table VII demonstrate that runtimes

speedups increase with both code distance and physical
error rate p. This behavior is consistent with the reduction
in effective syndrome density produced by the pre-decoder
and the resulting improvement in global-decoder runtime
near threshold. Given the relatively high physical error
rates expected in early fault-tolerant quantum computers,
operation at large code distances (d ≥ 21) is anticipated,
making these scaling trends particularly relevant.
Comparing pre-decoder architectures, we find that

model 3— which uses 5 × 5 × 5 convolutional ker-
nels—exhibits the highest runtimes for smaller input vol-
umes (13, 13, 13), while model 5 becomes the slowest for
larger volumes (21, 21, 21) and (31, 31, 31). When these
runtimes results are considered alongside the logical error
rate improvements reported in Section VIA, they indi-
cate that deeper architectures with smaller convolutional
kernels (3 × 3 × 3) offer a more favorable tradeoff be-
tween runtime and decoding performance than shallower
architectures with larger kernels.
Next, we examine pre-decoder runtimes as a function

of batch size in Fig. 17 for models 1-5. Using batch

sizes greater than one enables multiple logical qubits
or decoding blocks to be processed in parallel, which is
particularly well suited to parallel block-wise decoding
architectures [10, 11]. Because our pre-decoders jointly
predict spacelike and timelike corrections on data qubits
and stabilizers, they naturally support parallel decoding
windows in both space and time [10, 35]. When the
number of available GPUs is insufficient to achieve the
desired level of parallelism, increased batch sizes can be
used to partially compensate. In Section VII we provide
greater details showing how increasing the batch size
can reduce overall resource costs for enabling real-time
decoding when using the results in Fig. 17.

We now consider speedups when using the model-6
pre-decoder of Fig. 15 with correlated PyMatching as
the global decoder. In Table IX we provide the decod-
ing runtimes (in µs) of correlated matching using both
raw syndrome and syndromes processed by the model-6
pre-decoder. Similarly to the results obtained for un-
correlated matching, we see that speedups improve as
the code distance increases and as p increases. Including
the runtimes of the model-6 pre-decoder on an NVIDIA
GB300 with FP8 precision, the total speedups using the
pre-decoder + correlated matching pipeline compared to
correlated matching alone are given in Table X. The GPU
runtimes used to produce the results in Table X are shown
in Fig. 18 for a batch size of one. The plot in Fig. 18 also
shows the runtimes of model 6 for batch sizes which are
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Model Precision Batch size d Number of rounds Time (µs) / Round Number of GPUs

1 FP8 1 13 1000 0.11 13

1 FP8 2 13 1000 0.13 7

1 FP8 4 13 1000 0.179 4

1 FP8 1 21 1000 0.179 8

1 FP8 2 21 1000 0.244 4

1 FP8 4 21 1000 0.423 2

4 FP8 1 13 1000 0.138 13

4 FP8 2 13 1000 0.211 7

4 FP8 4 13 1000 0.282 4

4 FP8 1 21 1000 0.231 8

4 FP8 2 21 1000 0.324 4

4 FP8 4 21 1000 0.551 2

TABLE XI. Decoding time per round as a function of batch size for 1000 rounds of stabilizer measurements when using the time
parallel-window decoding scheme of Ref. [10, 11]. We provided the number of GPUs needed to decode each block in parallel.

greater than 1 with FP8 precision. Runtimes increase in
a near linear fashion with increasing batch size.

Lastly in Fig. 19, we provide two plots (one for p = 0.003
and another for p = 0.006) of the logical error rates
achieved with various decoding strategies considered
above (both with and without the use of pre-decoders) as
a function of the runtimes. Such plots highlights the trade-
offs between LER and runtimes while clearly illustrating
regimes where a given decoding strategy is favorable over
another. For example, when p = 0.006, we see both a
reduction in LER and runtimes of model 5 + uncorrelated
PyMatching (dark blue curve) compared to correlated
PyMatching (grey curve) alone for d ≥ 13.

In future work, we will extend these methods to lattice-
surgery protocols and demonstrate fully parallel block-
wise decoding across spatial and temporal dimensions. In
such settings, we anticipate that using large batch sizes
will play a crucial role in reducing classical resource costs
for real-time decoding.

D. Faster pre-decoders with parallel-window
decoding in time

Once trained, the pre-decoder can be deployed within a
temporal parallel window decoding protocol following the
methods of Ref. [10, 11]. Specifically, the pre-decoder is
applied to both commit regions (together with their asso-
ciated buffer rounds) and cleanup regions. Each commit
block—and likewise each cleanup block—can be decoded
independently and in parallel when a dedicated GPU is
assigned per block. Alternatively, a single GPU may pro-
cess multiple blocks simultaneously by using a batch size
greater than one, trading reduced hardware requirements
for increased per-block decoding runtimes.
In Table XI, we report the per-round decoding time

for our Model 1 and Model 4 pre-decoders when pro-
cessing 1000 rounds of syndrome measurements under

this parallel time-window scheme. We assume that all
blocks of size d× d× 3d are decoded in parallel for both
commit and cleanup regions. The factor of three comes
from the buffer regions used for each commit region. We
also list the number of GPUs required to achieve these
runtimes. As expected, increasing the batch size reduces
the number of GPUs needed, while correspondingly in-
creasing the decoding time per round. Nevertheless, in all
configurations considered, the per-round decoding time
remains well below 1µs. We note that increasing the total
number of rounds beyond 1000 in Table XI would result in
even smaller per-round runtimes if enough GPUs (and/or
larger batch sizes) were used to ensure that all blocks of
size d × d × 3d were decoded in parallel. In particular,
if a large number of syndrome measurement rounds is
performed, using larger batch sizes may become more
advantageous even if the per-block runtime increases.
To obtain the results in Table XI, we assume that the

GPUs used to decode all commit regions in parallel can be
reused to subsequently decode all cleanup regions in paral-
lel. We further neglect communication latencies between
the commit and cleanup stages. Since such overheads
are expected to contribute primarily a constant time off-
set, their relative impact diminishes as the number of
syndrome measurement rounds increases.

E. Numerical results with noise learning

In this section, we evaluate the trained noise learning
model of Fig. 12, using the hyperparameters listed in
Table XII, on syndrome statistics from two consecutive
rounds of the surface code. The model outputs probabil-
ity vectors that are then used to construct detector error
models for both uncorrelated and correlated PyMatch-
ing. We compare the resulting LERs with those obtained
when PyMatching is provided with probabilities derived
directly from the original circuit-level noise model used to
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FIG. 20. (a) LER for correlated and uncorrelated PyMatching when using probability vectors in a detector error model (DEM)
obtained from the trained noise learning architecture. The biased losses are given in Eqs. (64) and (65) and the unbiased losses
in Eqs. (67) and (68). The noise learning models are trained at d = 21 and d = 31 with pbase ∈ [0.001, 0.01]. The learned
models are then applied to syndrome data generated with stim at d = 9, 13, and 21. At p = 0.003, the biased model trained at
d = 21 produces the most competitve results across code distances. However at p = 0.006, the unbiased model trained at d = 31
produces the best overall results across correlated and uncorrelated matching. (b) Same as (a), but where the noise learning
model is applied to syndrome statistics produced by the Model 5 pre-decoder. The best performance at d = 13 comes from
the unbiased noise model trained at d = 31. However at larger distances, the d = 21 biased loss model offers the best overall
performance.
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Hyperparameters Values

CNN filters per layer [128, 256, 256, 128]

CNN kernel size per layer 3× 3

CNN normalization GroupNorm (32 groups)

CNN dropout 0.1 (last layer only)

MLP neurons per layer [256, 128, 25]

MLP dropout 0.2

Activation function (CNN and MLP) GeLU (tanh approximation)

Pooling function Global average pooling (GAP)

Batch aggregation Post-MLP logit averaging (Eq. (60))

Output parameterization Bounded log-space (Eq. (61))

Loss function Ledge (18 edge formulas) + Lhyper (43 hyperedge formulas)

Optimizer AdamW (weight decay 3× 10−2)

Exponential moving average (EMA) decay = 0.0001

Learning rate schedule Warmup then decay (100 warmup steps). Apply γ = 0.7 at milestones [0.25, 0.5, 1.0]

Learning rate 5× 10−4

Samples per epoch 250 randomly sampled p vectors × 4096 shots each

Training distance d = 21, 31

Batch size per GPU 4,096

Number of GPUs 32 (8 nodes × 4 GPUs)

Total parameters ∼1.26M

TABLE XII. Hyperparameters used to train the noise learning architecture described in Section V. The model uses post-MLP
logit averaging with bounded log-space output and a combined edge + hyperedge loss function.

generate the syndrome data. The goal of this experiment
is to demonstrate that the trained noise learning model
can infer probability vectors that closely approximate
the edge and hyperedge weights obtained directly from
the original circuit-level noise model, yielding LERs that
closely match those obtained when the true circuit-level
noise parameters are known.

We next apply the trained noise learning model to syn-
drome statistics obtained from the outputs of the Model
5 pre-decoder described in Table II. The probability vec-
tors predicted by the noise learning model are used to
construct detector error models for both uncorrelated
and correlated PyMatching. We then compute the result-
ing LERs and compare them with those obtained when
PyMatching uses probabilities derived directly from the
original circuit-level noise model.

In Fig. 20a, we show the relative LERs obtained with
correlated and uncorrelated PyMatching when DEMs are
constructed from probability vectors predicted by the
noise learning model, compared to DEMs constructed
directly from the circuit-level noise model used to gener-
ate the syndrome data. Four noise learning models were
trained, two at d = 21 and two at d = 31. For each
distance, we consider both biased and unbiased loss func-
tions given in Eqs. (64) and (65) and Eqs. (67) and (68).
As can be seen across the four plots, the model trained
at d = 31 using an unbiased loss function generally of-
fers the best results when applied to d = 21 and d = 31
data, with the d = 21 models (both with biased and

unbiased losses) giving better results at d = 9 and d = 13.
Such results are expected given that boundary effects
of the surface code lattice play a bigger role at smaller
distances, with bulk-like effects dominating at larger dis-
tances. We also note that both the biased and unbiased
models trained at d = 31 give very similar results when
applied to d = 21 and d = 31 data. However the biased
noise learning model gives better performance at lower
distances. Lastly, we notice an improvement in LER with
correlated PyMatching compared to the baseline result
where probabilities are computed directly from the circuit-
level noise model. However for uncorrelated matching,
the edge weights computed from the noise learned models
approach the baseline result but slightly underperforms.
This can be understood by noting that correlated Py-
Matching is a heuristic algorithm that performs a second
decoding pass using reweighted edges derived from the
first-pass matching solution. As a result, the true circuit-
level probabilities are not necessarily optimal inputs for
this approximate pipeline. In contrast, the probabilities
predicted by the noise learning model can sometimes pro-
duce a first-pass matching that triggers more effective
reweighting, leading to improved second-pass corrections.
For uncorrelated matching, however, there are gauge de-
grees of freedom in choosing the probability vector, since
the edge weights depend only on sums of probabilities
(e.g., Eq. (A4) in Section A) rather than on the individual
probability values. Consequently, the true DEM probabil-
ity vector provides a lower bound on the achievable LER
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Batch size Npar improvement Speedup factor

2 3.2x 1.993x

4 3.56x 0.996x

64 12.49x 0.2x

TABLE XIII. Improvements to Npar and the corresponding
speedup factor between uncorrelated PyMatching and the
pre-decoder + uncorrelated PyMatching as a function of the
batch size (data obtained from Fig. 17a). All data is obtained
with p = 0.006 and input volumes of size (13, 13, 13). We
use model 1 for the pre-decoder implemented with a ReLU
activation function.

for uncorrelated matching, which explains why the noise
learning model slightly under-performs in this case.

Now looking at the results in Fig. 20b, we see that ap-
plying the noise learning model to syndrome outputs from
model 5 of the pre-decoder and using the predicted prob-
abilities in either correlated or uncorrelated PyMatching
results in slightly worse performance compared to using
to raw circuit-level probabilities in the DEM. At first this
may seem counterintuitive since the pre-decoder results
in different syndrome statistics than those that would be
obtained from the original DEM. However, the majority
of residual errors from corrections applied by model 5
of the pre-decoder have a very specific structure. We
found numerically that nearly all residual errors that lead
to a logical fault when applying a global decoder form
strings of length greater than (d − 1)/2 and which are
parallel to the logical observable of interest. Given this
structure, regardless of what global decoder is applied, a
minimum-weight correction will always produce a logical
fault. This explains in large part why the LER is not
improved in Fig. 20b when applying the noise learning
model to pre-decoder output syndrome statistics. It also
explains the need for the larger model 6 given in Fig. 15
of Section VIB to obtain better LERs than correlated
PyMatching.

VII. IMPROVED PARALLELIZATION
THROUGH BATCHING

Recall that the number of parallel resources Npar re-
quired to avoid the exponential backlog is given by Eq. (4).
From Table VII, at p = 0.006 and input volumes of size
(13, 13, 13), a decoder using pure uncorrelated PyMatch-
ing requires Npar = 8. On the other hand, our pre-decoder
followed by uncorrelated PyMatching requires Npar = 5
while simultaneously giving an overall speedup per block
of 1.993x when using model 1 in Table II (assuming ReLU
activation functions are used).

Using the results from Fig. 17a, we can further improve
Npar when increasing the batch size used by the GPU. For
instance, at a batch size of 2, the pre-decoder runtime to
process an input volume of size (13, 13, 13) is unchanged.
As such, two logical qubits can be decoded in parallel
without affecting TDEC in Eq. (4). Results for batch
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FIG. 21. LER of the surface code using the uncorrelated
PyMatching decoder. We use the data to obtain the constants
c1 and c2 in Eq. (69). Solid lines correspond to pL(p, d) in
Eq. (69).

sizes of 2,4 and 64 are summarized in Table XIII. As
can be seen, for a batch size of 2, the pre-decoder +
PyMatching requires 3.2x fewer parallel resources than
PyMatching alone while simultaneously resulting in a
TDEC which is 1.993x faster. Using a batch size of 4 gives
a slight improvement in the number of parallel resources
compared to the batch size 2 case, but TDEC is nearly
identical to using PyMatching alone. A batch size of
64 results in a large reduction in the number of parallel
resources (12.49x). However, TDEC is about 80% slower
than PyMatching alone. On the surface, such a tradeoff
might seem not to be worthwhile. However when running
a quantum algorithm using lattice surgery with parallel
block-wise decoding in both space and time, given the very
large code distances that can be obtained from merged
patches, such parallelization may require hundreds of
thousands of GPU’s. As such a reduction of 12.49x could
substantially reduce the cost of classical resources required
to enable real-time decoding.

Since the results in Table XIII use model 1 with ReLU
activation functions, the LER is slightly worse than the
one obtained with GeLU (compare Table VI with Table IV
showing a 1.01x LER improvement compared to 1.27x
at d = 13). On the surface, it may seem as though
the decrease in pre-decoder runtimes when using ReLU
compared to GeLU (and thus the overall TDEC) is not
a worthwhile given the increase in LER. However we
conclude this section by showing that in most settings of
interest, a large reducion in LER is required to implement
a quantum algorithm with a smaller surface code distance,
thus making the ReLU tradeoff worthwhile.

As was shown in Refs. [12, 21], we can approximate the
logical failure rate of the surface code at distance d and
failure probability p to be

pL(p, d) ≈ c1d(c2p)
(d+1)/2, (69)

for some constants c1 and c2 when p is below the surface
code threshold. Using logical failure rates obtained from
uncorrelated PyMatching, we find that c1 = 0.01938 and
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c2 = 116.95. In Fig. 21, the polynomial pL(p, d) (solid
lines) is compared to LERs obtained for PyMatching
using Monte Carlo methods. As can be seen there is good
agreement between the data and the approximation in
Eq. (69).

Now suppose all the logical operations required to run a
quantum algorithm must fail with probability no greater
than δ. For a given p, we can determine the distance d
by setting pL(p, d) < δ. For the sake of this argument,
we set δ = 10−10 which is applicable for moderate sized
algorithms [12]. At p = 0.001 and using the constants
c1 and c2 obtained above, we require d = 21 to ensure

pL(p, d) < δ. Suppose now we set p
(2)
L (p, d) = αpL(p, d)

where α > 1 quantifies the worsening of the LER when us-
ing a different decoder (for instance a pre-decoder + uncor-
related PyMatching rather than uncorrelated PyMatching
alone). We find that alpha must be at least α ≈ 4.39 for

d to go from 21 to 23 to ensure that p
(2)
L (p, d) < δ. In

other words, the decoder would require the LER to be
4.39x worse than the LER obtained from PyMatching to

require a larger code distance ensuring that p
(2)
L (p, d) < δ.

As such, for most quantum algorithms, we believe the
decrease in TDEC obtained by using ReLU activations for
our pre-decoders compared to GeLU is worthwhile even
though ReLU results in slightly worse LERs.

VIII. CONCLUSION

In this work we developed a surface code pre-decoder
architecture to correct local space-time failures, with resid-
ual errors corrected by a global decoder such as uncor-
related and correlated PyMatching. Architectural im-
provements compared to previous works (especially with
how we process output labels for spacelike and timelike
errors) as well as the deployment of our pre-decoders on
NVIDIA GB300 GPUs resulted in substantial speedups
when considering pre-decoder + PyMatching runtimes
compared to PyMatching alone while also producing LER
improvements relative to PyMatching (both uncorrelated
and correlated). Runtimes for physical error rates of
p = 0.003 and p = 0.006 at moderate to large code dis-
tances are summarized in Tables VIII and X and are
up to 3.42x faster than pure uncorrelated PyMatching
and 3.5x faster than pure correlated PyMatching. To our
knowledge, our work is the first to demonstrate both LER
and full end-to-end speedup improvements when using
AI-based pre-decoder. We also developed a novel neural
network noise learning architecture that can learn circuit-
level noise rates from pure syndrome statistics. The noise
learning architecture produced near-optimal edge weights
when used in uncorrelated PyMatching, and performance
improvements for correlated PyMatching were observed
(see Fig. 20a).

There are several compelling directions for future work.
The first one involves closing the performance gap with
correlated PyMatching at smaller physical error rates

and larger code distances. In this regime, failures are
dominated by rare error patterns that are vastly under-
represented in the training data. To address this, future
work could explore improvements in both training data
and model architecture. On the data side, models could
be fine-tuned on curated datasets enriched with these rare
events. On the architectural side, while fully convolutional
networks successfully provide fast, highly parallelizable
inference on arbitrary-sized volumes, it would be very
interesting to find alternative architectures with these
same properties but that deliver significantly better LER
performance than fully convolutional networks.
A second major avenue for improvement is model dis-

tillation. While simply scaling up the parameter count of
our pre-decoders improves logical error rates, deploying
massive models incurs unacceptable pre-decoder runtime
penalties. If one were to take the scaling route, one should
investigate training highly over-parameterized “teacher”
models that successfully learn to correct complex, rare
error events, and subsequently distilling that knowledge
into smaller, faster “student” models. This approach
could decouple the capacity required to learn optimal
decoding strategies from the strict runtime constraints
required for real-time execution.
A third critical direction for real-time execution is

further optimizing inference runtimes and throughput
through extreme quantization. While in this work we suc-
cessfully deployed our pre-decoders in FP8 precision on
NVIDIA GB300 GPUs, pushing to the next frontier of effi-
ciency will require adopting 4-bit floating-point (NVFP4)
precision. Because of the limited dynamic range and pre-
cision at 4 bits, future efforts must therefore integrate
Quantization-Aware Training (QAT) directly into the
pre-decoder training pipeline to maintain logical error
rate performance while unlocking the massive compute
throughput of NVFP4 tensor cores. This effect will be
more substantial with every new NVIDIA GPU genera-
tion.

From a broader perspective, expanding this framework
to other error-correcting codes represents another key
direction for future work. The immediate natural pro-
gression is to consider color codes, which works almost
identically to the framework we presented here and will
be the focus of a forthcoming manuscript.
Finally, an important direction for future work is to

adapt our architecture to decoding logical operations
performed via lattice surgery in a parallel block-wise
decoding fashion (in both space and time). One reason we
did not go beyond d = 31 in this work is that parallelizing
in both space and time limits the block size needed to
decode lattice surgery operations. Further we believe our
pre-decoders will adapt well to such settings, pushing
us closer towards realizing real-time decoding for full
universal fault-tolerant quantum computation.



31

Appendix A: Edge weight calculations

In this appendix we provide the details for computing
the edge weights used in the matching graphs for the
surface code. The circuit used for a d = 5 surface code
is shown in Fig. 7 and contains all the different types of
edges that are obtained at arbitrary distances.

1. Notation and methodology

The circuit-level noise model is parameterized by 25
probabilities:

• State preparation errors (2): PSX for |+⟩ prepa-
ration, PSZ for |0⟩ preparation.

• Measurement errors (2): PmX for X-basis mea-
surement, PmZ for Z-basis measurement.

• Idle errors during CNOT layers (3):

P
(X)
idle,CNOT, P

(Y )
idle,CNOT, P

(Z)
idle,CNOT for single-qubit

Pauli errors during two-qubit gate operations.

• Idle errors during SPAM window (3):

P
(X)
idle,SPAM, P

(Y )
idle,SPAM, P

(Z)
idle,SPAM for single-qubit

Pauli errors on data qubits during ancilla prepara-
tion/reset.

• CNOT errors (15): P
(PiPj)
CX for each two-qubit

Pauli Pi ⊗ Pj (with Pi at control, Pj at target),
where Pi, Pj ∈ {I,X, Y, Z} excluding the identity
II.

Given a probability P , the edge weight used by PyMatch-
ing is obtained by taking w = − logP .
When computing edge probabilities for the matching

graph, errors from multiple fault locations can contribute
to the same edge. When multiple independent error mech-
anisms flip the same pair of detectors, their probabilities
are combined using the XOR operation:

P1 ⊕ P2 = P1 + P2 − 2P1P2. (A1)

For multiple components {c1, c2, . . . , cn}, the XOR is ap-
plied sequentially:

n⊕
i=1

ci = c1 ⊕ c2 ⊕ · · · ⊕ cn. (A2)

Each component ci may itself be a sum of Pauli prob-
abilities that create the same detector pattern from the
same fault location:

ci =
∑
P∈Pi

P
(P )
CX or ci = P

(P )
I , (A3)

where Pi is the set of Paulis that create the same detector
pattern from a given CNOT location.

2. Edge classification

The matching graph contains four categories of edges:

• Spacelike edges: Connect different stabilizers
within the same measurement round. Arise from
data qubit errors.

• Timelike edges: Connect the same stabilizer
across adjacent measurement rounds. Arise from
ancilla/measurement errors.

• Diagonal edges: Connect different stabilizers
across adjacent measurement rounds. Arise from
combined data and measurement errors.

• Boundary edges: Connect a single stabilizer to the
logical boundary. Arise from measurement errors
near the code boundary.

For a d = 5 surface code, there are 12 X-stabilizers
and 12 Z-stabilizers. Both matching graphs contain
18 distinct edge types each, which are distance-
independent—the same formulas apply for any d ≥ 5.
The edge types are:

• Spacelike: 3 types (S1, S2, S3)

• Timelike: 4 types (T1, T2, T3, T4)

• Diagonal: 5 types (D1, D2, D3, D4, D5)

• Boundary: 6 types (B1, B2, B3, B4, B5, B6)

While the X-graph and Z-graph have the same number of
edge types, the distribution of edges among types differs
due to the different lattice orientations. Note that under
symmetric (uniform) noise, some edge types have identical
probabilities (e.g., D1/D5, boundary pairs B1/B5, B2/B6,
B3/B4), but differ under asymmetric noise and must be
treated separately.

3. X-stabilizer graph edge formulas

We provide the verified edge probability formulas for
the X-stabilizer matching graph. These formulas detect
Z and Y errors on data qubits.

a. Spacelike edges

Type P
(X)
S1 :

P
(X)
S1 =

⊕[
P

(Y Y )
CX + P

(ZZ)
CX , P

(IZ)
CX + P

(XZ)
CX ,

P
(Z)
I , P

(Z)
I , P

(Y Z)
CX + P

(ZY )
CX ,

P
(IY )
CX + P

(XY )
CX , P

(Y )
I , P

(Y )
I

]
. (A4)
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FIG. 22. (a) Two-dimensional graph for Z-stabilizers for the circuit in FIG. 7. We add labels for each edge type (i.e., both
boundary and bulk edges). (b) Same as (a) but for X-stabilizers. (c) Z-stabilizer graph showing vertical edge labels used for
measurement errors. (d) Same as (c) but for X-stabilizers. (e) Labels of diagonal edges for Z-type stabilizers. (f) Same as (e)
but for X-type stabilizers.

Type P
(X)
S2 :

P
(X)
S2 =

⊕[
P

(IY )
CX , P

(XY )
CX , P

(Y Z)
CX + P

(ZZ)
CX ,

P
(IZ)
CX , P

(IZ)
CX , P

(ZI)
CX + P

(ZZ)
CX ,

P
(Z)
I , P

(Z)
I , P

(Z)
I , P

(IY )
CX ,

P
(Y X)
CX + P

(Y Y )
CX , P

(XY )
CX , P

(Y Y )
CX + P

(ZY )
CX ,

P
(Y I)
CX + P

(Y Z)
CX , P

(Y )
I , P

(Y )
I , P

(Y )
I ,

P
(XZ)
CX , P

(ZX)
CX + P

(ZY )
CX , P

(XZ)
CX

]
. (A5)

Type P
(X)
S3 :

P
(X)
S3 =

⊕[
P

(IY )
CX , P

(Y X)
CX + P

(Y Y )
CX , P

(IY )
CX , P

(ZX)
CX + P

(ZY )
CX ,

P
(XY )
CX , P

(XY )
CX , P

(IZ)
CX + P

(ZI)
CX , P

(ZZ)
CX , P

(ZZ)
CX ,

P
(IZ)
CX , P

(IZ)
CX , P

(ZI)
CX + P

(ZZ)
CX , P

(Z)
I , P

(Z)
I ,

P
(Y Y )
CX , P

(Y Z)
CX , P

(Y Y )
CX , P

(XY )
CX + P

(Y X)
CX ,

P
(Y I)
CX + P

(Y Z)
CX , P

(Y )
I , P

(Y )
I , P

(XZ)
CX ,

P
(IY )
CX + P

(ZX)
CX , P

(XZ)
CX , P

(XZ)
CX + P

(Y I)
CX ,

P
(ZY )
CX , P

(Y Z)
CX , P

(ZY )
CX

]
. (A6)
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b. Timelike edges

Type P
(X)
T1 :

P
(X)
T1 =

⊕[
P

(ZI)
CX , P

(Y I)
CX + P

(ZI)
CX , PSX , PSX ,

P
(Y X)
CX , P

(Y I)
CX , P

(ZX)
CX , P

(Y X)
CX + P

(ZX)
CX

]
. (A7)

Type P
(X)
T2 :

P
(X)
T2 =

⊕[
P

(Y X)
CX + P

(ZI)
CX , P

(ZI)
CX , P

(ZI)
CX ,

P
(Y I)
CX + P

(ZI)
CX , PSX , PSX ,

P
(Y I)
CX , P

(Y X)
CX , P

(Y I)
CX + P

(ZX)
CX , P

(Y X)
CX ,

P
(ZX)
CX , P

(ZX)
CX , P

(Y I)
CX , P

(Y X)
CX + P

(ZX)
CX

]
. (A8)

Type P
(X)
T3 :

P
(X)
T3 =

⊕[
P

(Y I)
CX + P

(ZI)
CX , P

(Y )
I + P

(Z)
I ,

P
(Y )
I + P

(Z)
I , PSX , PSX , P

(Y X)
CX + P

(ZX)
CX

]
.

(A9)

Type P
(X)
T4 :

P
(X)
T4 =

⊕[
P

(Y X)
CX + P

(ZI)
CX , P

(Y I)
CX + P

(ZI)
CX ,

P
(Y )
I + P

(Z)
I , P

(Y )
I + P

(Z)
I , PSX , PSX ,

P
(Y I)
CX + P

(ZX)
CX , P

(Y X)
CX + P

(ZX)
CX

]
. (A10)

c. Diagonal edges

Type P
(X)
D1 :

P
(X)
D1 =

⊕[
P

(ZZ)
CX , P

(Y Y )
CX , P

(ZY )
CX , P

(Y Z)
CX

]
. (A11)

Type P
(X)
D2 :

P
(X)
D2 =

⊕[
P

(IZ)
CX , P

(ZZ)
CX , P

(XY )
CX , P

(XZ)
CX ,

P
(Y Y )
CX , P

(IY )
CX , P

(ZY )
CX , P

(Y Z)
CX

]
. (A12)

Type P
(X)
D3 :

P
(X)
D3 =

⊕[
P

(IZ)
CX + P

(XY )
CX , P

(ZI)
CX , P

(ZI)
CX ,

P
(Y Z)
CX + P

(ZZ)
CX , P

(Y I)
CX , P

(Y X)
CX ,

P
(IY )
CX + P

(XZ)
CX , P

(Y X)
CX , P

(ZX)
CX ,

P
(ZX)
CX , P

(Y I)
CX , P

(Y Y )
CX + P

(ZY )
CX

]
. (A13)

Type P
(X)
D4 :

P
(X)
D4 =

⊕[
P

(IZ)
CX + P

(XY )
CX , P

(ZI)
CX , P

(Y Z)
CX + P

(ZZ)
CX ,

P
(Z)
I , P

(IY )
CX + P

(XZ)
CX , P

(Y X)
CX ,

P
(Y I)
CX , P

(Y Y )
CX + P

(ZY )
CX , P

(Y )
I , P

(ZX)
CX

]
. (A14)

Type P
(X)
D5 :

P
(X)
D5 =

⊕[
P

(IZ)
CX , P

(XY )
CX , P

(XZ)
CX , P

(IY )
CX

]
. (A15)

d. Boundary edges

Type P
(X)
B1 :

P
(X)
B1 =

⊕[
P

(IY )
CX , P

(ZY )
CX , P

(XY )
CX , P

(Y Y )
CX ,

P
(IY )
CX + P

(XY )
CX , P

(Y X)
CX + P

(Y Y )
CX , P

(Y )
I ,

P
(Y X)
CX + P

(ZX)
CX , P

(IZ)
CX + P

(XZ)
CX + P

(Y Z)
CX + P

(ZZ)
CX ,

P
(IZ)
CX , P

(ZI)
CX + P

(ZZ)
CX , P

(Z)
I , P

(Z)
I , P

(Z)
I , P

(Z)
I ,

P
(Y I)
CX + P

(ZI)
CX , P

(ZZ)
CX , P

(XZ)
CX , P

(Y Z)
CX ,

P
(ZX)
CX + P

(ZY )
CX , P

(Y Y )
CX + P

(ZY )
CX , P

(Y I)
CX + P

(Y Z)
CX ,

P
(Y )
I , P

(Y )
I , P

(Y )
I , P

(Y X)
CX + P

(ZX)
CX , P

(Y I)
CX + P

(ZI)
CX

]
.

(A16)

Type P
(X)
B2 : This formula has 52 XOR components. A

representative subset:

P
(X)
B2 =

⊕[
P

(IY )
CX + P

(XZ)
CX , P

(Y X)
CX , P

(Y I)
CX + P

(ZX)
CX ,

P
(XY )
CX , P

(IY )
CX + P

(ZX)
CX , P

(Y I)
CX ,

P
(XY )
CX + P

(Y X)
CX , P

(XZ)
CX , P

(IY )
CX ,

P
(Y X)
CX + P

(Y Y )
CX , P

(ZX)
CX , P

(XY )
CX , P

(Y X)
CX ,

P
(ZX)
CX , P

(IY )
CX , P

(IZ)
CX + P

(XY )
CX + P

(Y Y )
CX + P

(ZZ)
CX ,

P
(ZI)
CX , P

(IZ)
CX + P

(ZI)
CX , P

(IZ)
CX + P

(ZZ)
CX , . . .

]
.

(A17)

Type P
(X)
B3 : This formula has 62 XOR components. A

representative subset:

P
(X)
B3 =

⊕[
P

(XY )
CX , P

(Y X)
CX , P

(XZ)
CX , P

(Y I)
CX ,

P
(IY )
CX , P

(Y X)
CX + P

(Y Y )
CX , P

(Y )
I , P

(ZX)
CX ,

P
(IY )
CX , P

(ZX)
CX + P

(ZY )
CX , P

(ZY )
CX , P

(XY )
CX ,

P
(Y Y )
CX , P

(IZ)
CX + P

(ZI)
CX , P

(ZI)
CX + P

(ZZ)
CX , . . .

]
.

(A18)
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Type P
(X)
B4 : This formula has 68 XOR components

arising from 34 distinct detector patterns. A representa-
tive subset:

P
(X)
B4 =

⊕[
P

(IY )
CX + P

(XZ)
CX , P

(Y X)
CX , P

(Y I)
CX + P

(ZX)
CX ,

P
(XY )
CX , P

(IY )
CX , P

(Y X)
CX + P

(Y Y )
CX ,

P
(IZ)
CX + P

(XY )
CX + P

(Y Y )
CX + P

(ZZ)
CX , P

(IZ)
CX + P

(ZI)
CX , . . .

]
.

(A19)

Type P
(X)
B5 :

P
(X)
B5 =

⊕[
P

(Y Z)
CX + P

(ZY )
CX , P

(Y )
I , P

(Y I)
CX + P

(ZX)
CX ,

P
(IZ)
CX + P

(ZI)
CX , P

(ZZ)
CX , P

(IZ)
CX + P

(XY )
CX + P

(Y Y )
CX + P

(ZZ)
CX ,

P
(Z)
I , P

(Z)
I , P

(Z)
I , P

(Z)
I , P

(XZ)
CX + P

(Y I)
CX ,

P
(IY )
CX + P

(ZX)
CX , P

(Y X)
CX + P

(ZI)
CX , . . .

]
. (A20)

Type P
(X)
B6 : This formula has 57 XOR components. A

representative subset:

P
(X)
B6 =

⊕[
P

(Y I)
CX , P

(Y Y )
CX + P

(ZY )
CX , P

(Y Z)
CX ,

P
(Y X)
CX + P

(ZX)
CX , P

(ZY )
CX , P

(IZ)
CX + P

(ZI)
CX ,

P
(ZI)
CX + P

(ZZ)
CX , P

(IZ)
CX + P

(ZZ)
CX , P

(ZI)
CX ,

P
(IZ)
CX + P

(XZ)
CX + P

(Y Z)
CX + P

(ZZ)
CX , P

(Z)
I , . . .

]
.

(A21)

4. Z-stabilizer graph edge formulas

The Z-stabilizer matching graph detectsX and Y errors
on data qubits. Similar to the X-graph, it has 18 edge

types: 3 spacelike (S1–S3), 4 timelike (T1–T4), 5 diagonal
(D1–D5), and 6 boundary (B1–B6). The explicit formulas
are obtained from the X-stabilizer formulas above by
replacing all Z-type Paulis with X-type Paulis, exploiting
the X/Z symmetry of the surface code circuit.

5. Summary and verification

The formulas were derived by systematically tracing
error propagation through the syndrome extraction circuit
for each possible Pauli error at each fault location. The
methodology is:

1. For each fault location (CNOT, idle, state prepara-
tion), activate a single Pauli error.

2. Generate the detector error model (DEM) using
Stim.

3. Identify which DEM patterns contain the target
edge’s detector pair.

4. Group contributions by pattern and sum Paulis
from the same location.

5. XOR-combine all pattern contributions to get the
final formula.

The formulas are distance-independent: the same
formulas apply identically for d = 5, 7, 9, 11, 13 and be-
yond. This is because edge probabilities depend only
on local stabilizer geometry, not global code size. Only
the count of each edge type changes with distance. For
example, at d = 5 the X-stabilizer graph has 8 type-S1
edges, while at d = 7 it has 18, and at d = 13 it has 72.
The formulas enable gradient-based optimization through
their differentiability, allowing neural networks to learn
effective noise parameters by directly optimizing edge
probabilities used by the MWPM decoder.
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